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Abstract. We describe the elements of a novel structural approach to classical field theory, 
inspired by recent developments in perturbative algebraic quantum field theory. This approach 
is local and functorial, being characterized by a combination of geometric, analytic and al- 
gebraic elements which (1) make it closer to quantum field theory, (2) allow for a rigorous 
analytic refinement of many computational formulae from the functional formulation of clas- 
sical field theory and (3) provide a new pathway towards understanding dynamics. Particular 
attention will be paid to aspects related to nonlinear hyperbolic partial differential equations 
and the functorial structure underlying our approach. 
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2 romeo brunetti, klaus fredenhagen, and pedro lauridsen ribeiro 

1. Introduction 

This is the first of a series of three papers devoted to the algebraic analysis of classical field 
theories in the general relativistic Lagrangian setting. 

The longstanding problem of finding a coherent and systematic mathematical structure for 
classical field theories has been addressed in various ways. Among them, we quote two main lines 
of investigation: one based on (multi)symplectic geometry [T51 1501 1551 146) . seeking a covariant 
generalization of Hamiltonian mechanics and that goes back to de Donder and Weyl; and the 
other based on the so-called formal theory of systems of partial differential equations [2j [50j [671 
[721 [73], seeking a higher-order generalization of S. Lie's and E. Cartan's geometric approach to 
the analysis of integrability and symmetries of such systems. Both approaches have several points 
of contact and lead to a highly developed framework for the calculus of variations. As far as 
relativistic field theories are concerned, however, the solution spaces of the dynamics generated 
by the variational principle are essentially taken for granted and their properties are seldom 
studied in depth, a noteworthy exception being the approach of Christodoulou |19] . 

Physicists, on the other hand, are keen on formal functional methods [211 [33], tailored to the 
needs of (path-integral-based) quantum field theory, which are essentially a heuristic infinite- 
dimensional generalization of Lagrangian mechanics. To a certain extent, it is possible to make 
these latter methods rigorous (see for instance [TJ [U]). However, in these approaches the field 
configuration spaces are usually modeled on Banach spaces, which provide a simple differen- 
tial calculus but entail some physically undesirable restrictions on the allowed space-times and 
on the regularity of the allowed field configurations. Moreover, these approaches also tend to 
deemphasize aspects related to covariance and locality, which are central in any relativistic field 
theory since then Euler-Lagrange equations of motion are differential (expressing locality of the 
underlying variational principle) and hyperbolic (expressing finiteness of the propagation speed 
of dynamical effects). 

Even more importantly, a pivotal aspect that none of the above approaches has addressed in 
a satisfactory manner is the characterization of local observables, as opposed to spaces of field 
configurations. This remark is the starting point of our present investigation. Namely, we contend 
that if one wants to study the structure of local observables in a model-independent fashion, one is 
inevitably led to an algebraic viewpoint. This is a deep lesson learned from quantum field theory 
|36) . which however does not seem to have echoed back to classical field theory until quite recently, 
the only exception to our knowledge being [53J ■ This state of things has started to change due to 
the recent developments in perturbative algebraic quantum field theory [TT1 [T21 1T51 ITU [T51 1271 128) . 
This is a research program aiming at a mathematically precise understanding of perturbative 
quantum field theory and renormalization from an algebraic viewpoint - to wit, renormalized 
perturbative quantum field theory can be seen as a formal deformation of classical field theory, 
in a rather precise sense jTTl [T21 HI] . 

The key upshot of this program, which motivated the present work, is that it singles out the 
relevant class of observables for classical field theory from a few, physically reasonable require- 
ments which, at the quantum level, are needed to restrict the class of allowed counterterms in 
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renormalization. This serves as a starting point for a new, algebraic framework for classical 
(relativistic) field theory in its own right, which emphasizes from the very beginning the role of 
local observables and how they are affected by the dynamics. Presenting this framework in full 
detail is the objective of this series of papers. Let us now give an overview of its results. 

As we shall see, local observables are represented by certain classes of functionals over the 
space of smooth field configurations. More precisely, the kinematical requirements on functionals 
in order to qualify as local observables lead, among other things, to a surprisingly simple structure 
for the local algebras they generate - for instance, these algebras, when suitably topologized, 
turn out to be nuclear, opening the way to a seamless composition of classical subsystems by 
means of tensor products |14) . 

A cornerstone of our framework concerns the treatment of dynamics, which spans the first 
two papers of this series. We do not impose a priori any equation of motion whatsoever - 
that is, we employ an off-shell viewpoint. Our analysis of the full nonlinear dynamics is based 
on a semi-global solvability result for second-order, quasi-linear hyperbolic partial differential 
operators P : c £°° (./#) — > c to°° (^#) , to be stated in detail and proved in the second paper of this 
series. More precisely, therein we prove, for a suitably large family of compact regions K of the 
space-time manifold that the equation 

P(<p +tp) = P(ipo) + f 

has a smooth solution ip in K for any <po,f £ c £' oa {K), f sufficiently small. Moreover, if we 
prescribe the Cauchy data for ip on a suitable Cauchy hypersurface crossing K, this solution must 
be unique. This result, which we call the Main Dynamical Theorem, is proved by combining a 
simple refinement (due to Klainerman |47] ) of classical energy estimates for second-order linear 
hyperbolic partial differential operators with a variant of the Nash-Moser-Hormander inverse 
function theorem. Our proof is therefore quite close to the strategy proposed by Bryant, Griffiths 
and Yang |T7] for addressing local solvability of first-order quasi-linear symmetric hyperbolic 
systems arising from low-dimensional isometric embedding problems, but it contains several 
improvements - our argument is completely geometric, and we need less restrictive assumptions 
in order to apply our choice of inverse function theorem. Since we are only concerned with the 
effect of replacing tpo with <po + <P on local observables, the fact that the Main Dynamical Theorem 
only holds on regions K as above is of little consequence to us. The Main Dynamical Theorem 
leads effortlessly to the construction of maps on smooth field configurations that intertwine 
perturbed and unperturbed Euler-Lagrange operators, called M0ller maps. 

As a prelude to this result, we show in the present paper that, on an infinitesimal level, 
the dynamics is implemented algebraically on local observables by means of a Poisson structure 
associated to certain Lagrangians, given in covariant form by the Peierls bracket |231 [501 1551 
[55] , This bracket is a covariant generalization of the canonical Poisson bracket [5J [75], and 
has an unambiguous off-shell extension which however becomes degenerate. We shall deepen 
its analysis in the second paper of the series, with the aid of the M0ller maps. It turns out 
that they are canonical transformations from unperturbed into perturbed Poisson structures, 
and a direct corollary of the Main Dynamical Theorem is an infinite-dimensional version of the 
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Darboux-Weinstein theorem for regular Poisson manifolds [7T] : the Peierls bracket can be locally 
linearized by a suitable change of coordinates in field configuration space, and induces a (weak) 
symplectic structure on each level set of the restriction of the Euler-Lagrange operator to each 
compact region K of the space-time manifold on which the Main Dynamical Theorem holds. 
As a consequence, the degeneracy of the Peierls bracket is completely characterized by the local 
observables that vanish on solutions of the corresponding equations of motion, which constitute 
a Poisson ideal. Therefore, at the level of observables, imposing equations of motion amounts 
to taking a quotient of Poisson algebras, very much in the spirit of algebraic geometry. Finally 
our Poisson algebras satisfy the following "time slice" property: any observable localized in a 
certain globally hyperbolic region of space-time equals one localized in an arbitrarily small open 
neighborhood of a Cauchy hypersurface of this region, up to a functional that vanishes on all 
solutions of the Euler-Lagrange equations. This displays at the algebraic level the one-to-one 
correspondence between solutions and initial data, as well as the relation of our framework to 
canonical approaches [TJ HI [75] . 

In the third paper of this series, we shall address another important aspect of our approach, 
i.e. its functorial behavior with respect to (isometric) embeddings of space-time regions, in the 
spirit of the so-called principle of local covariance [141 116) . There is, however, a need to localize 
functionals in subsets of field configuration spaces over each space-time as well, which is forced 
upon us by the dynamics. In order to perform this task in a way which is coherent with the 
principle of local covariance, we need to refine the latter. This is done in two steps. Firstly, 
we show that the category of space-times itself can be seen as a kind of a topological space 
- more precisely, we prove that each object of this category admits a notion of a covering by 
other objects "up to embeddings". Such categories, called sites by its discoverer A. Grothendieck, 
play an important role in his formulation of algebraic geometry, for they constitute the natural 
abstract arena for sheaves. Indeed, our second step consists in proving that a collection of G$ 
sets of field configurations over the elements of a covering of a certain space-time can be glued 
together in a unique way to form a G$ set over this space-time, provided that certain compatibility 
conditions, called descent conditions, are satisfied. This shows that the collections of G$ sets of 
field configurations over each space-time define a sheaf over the latter 's category. The sheaf 
data can be conveniently reorganized into a kind of category which resembles a category of fiber 
bundles, called a stack, which keeps track of both kinds of localization simultaneously |74| . 

It is on such a category, rather than just the category of space-times, that we define field 
theories as covariant functors and local, covariant functionals (called natural Lagrangians) as 
natural transformations. Finally, we show that a natural Lagrangian defined on a G$ set of 
field configurations over a certain space-time is completely determined, in a precise sense, by 
specifying it on a collection of descent-compatible Gs sets over the elements of a covering. The 
same applies, of course, to every object locally derived from the natural Lagrangian alone, such 
as Euler-Lagrange operators and Peierls brackets. One concludes that the field theory itself is 
completely determined by local data both at the level of space-times and of field configurations. 
We call this property the principle of space-time descent, which is the desired refinement of the 
principle of local covariance. Finally, one can also cast the property of (relativistic) causality in 
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functorial form, a task for which the aforementioned nuclearity of our local algebras becomes 
essential. The above considerations show that our approach to classical field theory can be seen as 
a rather non-trivial kind of infinite dimensional algebraic geometry, for which functional analytic 
aspects are bound to be critically important. In that respect, we remark that the kinematical 
aspects of our approach have several points of contact with the account of classical field theory 
employed in the book of Costello (30] ■ 

We conclude this introduction with a summary of the contents of the present paper. In Section 
we discuss the bare minimum of kinematical concepts underlying our approach. For simplicity, 
we will consider only real scalar fields, since the case when the fields live in a general fiber bundle 
poses a different set of questions, which demand a separate treatment (we shall have more to 
say about this in the final Section [S]). In Subsection l2.ll we present a fair amount of background 
on Lorentzian geometry, vector bundles and jets, which is also used in Subsection l2.2l to give an 
overview of the geometric and topological properties of the space of smooth field configurations. 
In Subsection 12.31 we introduce suitable classes of functionals over this space and discuss their 
support and localization properties, so as to be able to proceed to a detailed analysis of infin- 
itesimal (i.e. linearized) dynamics in Section [31 the full nonlinear dynamics is to be analyzed 
in the second paper of this series. Euler-Lagrange equations are obtained from a class of local 
functionals parametrized by smooth, compactly supported functions / specifying the localization 
of these functionals in space-time. Such functionals are called generalized Lagrangians, examples 
of which are provided by integrals of Lagrangian densities multiplied by / over the space-time 
manifold (Subsection I3.1[) . We are mainly interested in those generalized Lagrangians which 
lead to (normally) hyperbolic Euler-Lagrange operators, which are discussed in Subsection 13.21 
Therein we also define the Peierls bracket associated with such operators, and study its proper- 
ties in depth. This bracket is shown to yield a Lie bracket in the space of so-called microcausal 
functionals, which are distinguished by the singularity structure of their functional derivatives. 
A particular highlight of this development is perhaps the first fully fledged and rigorous proof 
of the Jacobi identity for the Peierls bracket in the literature ( Corollary 13 . 2 . 1 7j ) , parts of which 
having previously appeared or been sketched in [111 I27| (there is also an independent account of 
this proof in the unpublished Diploma thesis [H]). A thorough discussion of the topological and 
algebraic aspects of the *-algebras of microcausal functionals is carried out in Section HJ using the 
previous Sections as motivation. Therein we show that the Lie bracket provided by the Peierls 
bracket is in fact a Poisson bracket; another noteworthy result in this Section is that the (Pois- 
son) *-algebras of microcausal functionals also bear a ^^-ring structure [60J, that is, they admit 
a sort of smooth functional calculus (Theorem I4.0.22[) . which leads to a number of interesting 
consequences. Section [5] concludes our work by presenting some future prospects and challenges. 
Appendix [A] recalls basic concepts of differential calculus on locally convex topological vector 
spaces. 

2. Kinematics 

2.1. Preliminaries. Given nonvoid sets A, A\, . . . ,A m , we denote by 1 = 1a '■ A — > A the 

identity map 1a (a) = a, and by pr^ j : A\ x • • • x A m Aj ± x • • • x Aj k the canonical 
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projection pr, : , (ax,..., a m ) = (a jl , . . . , a jk ), 1 < jx < h < • • • < Ok < m. If k = 1, we say 

that pr^ is the canonical projection onto the k-th factor. 

First of all, a small refresher on Lorentzian geometry to fix our notation and terminology. Let 
(~4t , g) be a space-time, that is, an oriented d-dimensional Lorentzian manifold. The underlying 
manifold jtfi (called the space-time manifold) is assumed to be smooth, Hausdorff, paracompact 
and second countable (in particular, Ji has at most a countable number of connected com- 
ponents). By a region of J/ (or of (JP, g)) we mean any subset of Ji with nonvoid interior. 
The Lorentzian metric g on TJt endows J/ with the volume element d/x s = y| det <?|d:r, the 
Levi-Civita connection V, the lowering (resp. raising) musical isomorphisms g^ : TJt — > T*Jt 
(resp. ff » : TJt -> T*JK) given by g b (X) = g(X,-) (resp. g*(£) = (g b ) _1 (0)> and the inverse 
Lorentzian metric g~ x on T!/# given by g~ x (£,\,£,i) = £i(<7 (£2))- We occasionally write g(T) 
(resp. g _1 (w)) with a single argument T (resp. to), which is understood to be a contravariant 
(resp. covariant) tensor of rank two. We will use the chosen orientation to identify smooth 
densities with smooth d-forms. We adopt for g the signature convention that, for all p E the 
subspace of T V J( consisting of eigenvectors of g(p) with negative eigenvalues is one-dimensional 
and therefore consists of timelike vectors. Recall that X € T p Ji is timelike (resp. null, causal, 
spacelike) if g(X,X) < (resp. = 0, < 0, > 0) - hence, the subspace of T V J{ consisting of 
(spacelike) eigenvectors of g(p) with positive eigenvalues is (d — l)-dimensional. We always as- 
sume that J( is time- oriented, that is, there is a global timelike vector field T on J( - we then 
say that a causal X G T p J/ is future (resp. past) directed if g(X,T) < (resp. > 0). 

Recall as well that a (piecewise) smooth curve segment 7 : [0, 1] 3 A — > 7(A) G J/ is said to be 
timelike (resp. null, causal, spacelike) if (/(7(A), 7(A)) < (resp. = 0, < 0, > 0) for all A G [0, 1] 
(such that 7 is smooth at A), and that a causal curve segment is said to be future (resp. past) 
directed if g(j(X),T) < (resp. > 0) for any A G [0, 1] as above and any future directed timelike 
T G T 7 (A)^- This allows us to define the chronological (resp. causal) future / past I + t~(U,g) 
(resp. J+/-(U,g)) of U C J( as 

I +/ -(U,g) = {p 6 Jt : 3 7 : [0, 1] -> M piecewise smooth, future / past directed 

timelike such that 7(0) G U, 7(1) = p} , 
J +// ~ (U, g) = {p G jft : 37 : [0, 1] — > Ji piecewise smooth, future / past directed 

causal such that 7(0) G f, 7(1) = p} . 

We also set ({p}, g) = I + /~(p,g) (resp. J + /~ ({p}, g) = J + ^(p,g)) for any p G Jt , and, 
given U,V C J/, we write U > a / <C 9 V (resp. U > g / < g V) whenever [/ C J + /~(V,#) (resp. 
J7 C J + /~(V, g)). If U = {p} (resp. V = {q}) for some p, q G we replace U (resp. V) by 
p (resp. q) in the above notation. Finally, we always assume that g is globally hyperbolic, that 
is, g is causal (which means that there is no causal 7 : [0, 1] — > Jt such that 7(0) = 7(1)) and 
given p < g q G J/, the set J + (p,g) n J~(q,g) is compact. An useful, equivalent description of 
global hyperbolicity can be given as follows [SJ EJ [71 [5] : there is a smooth, surjective function 
r : ^ — > R such that g"(dr) is a future directed timelike vector field and Sj = T _1 (i) is a Cauchy 
hypersurface for ^ at each t G R, that is, Y7 t is a codimension-one, smooth and boundary-less 
submanifold of J( such that any inextendible causal curve intersects Y7 t exactly once. Such a 
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r is called a Cauchy time function with respect to (^,g). Moreover, if (^,g) has a Cauchy 
hypersurface £, one can build a Cauchy time function r such that r _1 (0) = S [8j - in particular, 
^# must then be diffeomorphic to R x £ = IR x £[ for any i G R. 

Occasionally, we will need to work with smooth sections of vector bundles over the space-time 
manifold or over Cartesian powers thereof. Recall, for the sake of fixing nomenclature, that 
a (real) vector bundle of rank D over ./# is given by a smooth surjective submersion it : <§ — > ^ 
from the total space £ to the base called the projection map, such that there is an open 
covering {C/jjjej of ^ and for each j G J a smooth diffeomorphism ipj : ir~ 1 (Uj) — > Uj x R D 
(called a local trivialization over Uj) such that ipk ° ipj( x tC) — (i,^ 3 (i,C)) = ( x >Tkj(x)Q for 
all x £ Uj (lUk, j, k G J, where the transition functions Tkj : t/y H C/fe — > GL(D, R) are smooth. 
The collection of pairs {(t/j, "0j)}jeJ is called a vector bundle atlas for 7r. We usually identify a 
vector bundle with its projection map. Given U C ^# open, we say that a local trivialization 
ip over {/ is said to be n-compatible if for every j € J such that U H Uj ^ we have that 
ip o ijjj x (x, C) = (a;,tj(a;,C)) = (x, T J (x)C) where 7} : C/j n J7 -> GL(D, R) is smooth. A map 
^ : ^# — > is said to be a section of 7r if 7r o ip = Notice that if, in the above discussion, we 
replace VP by a manifold Q, and just demand that the smooth maps tkj are diffeomorphisms of 
Q for each fixed x 6 Uj <T\Uk and the smooth maps are diffeomorphisms of Q for each fixed 
x G [7 n f/j and 7r-compatible local trivialization ip, j, k G J, we get instead a (general) fiber 
bundle with typical fiber Q and bundle atlas {(Uj, ipj)}. 

Using a vector bundle atlas one can define (fiberwise) linear combinations aipi + /302 of any 
two sections <pi,02 (a, /? G R) by setting ipj o (api + /30 2 ) (p) = otipj otp 1 (p) + (3ipj o (p 2 (p) , P £ Uj , 
j G J. This definition is readily seen to be independent of the choice of vector bundle atlas with 
7r-compatible local trivializations. In particular, every vector bundle ir over has a canonical 
section (called the zero section of 7r), defined on every local trivialization ip compatible with 
7r by ip o Q(p) = (p, 0), and with respect to which we can define the support of a section p as 
supp tp = {p £ ^# : ip(p) ^ 0(p)} C It follows from the inverse function theorem that ^# is 
diffeomorphic with the range of the zero section in £ , which we also denote by 0. We denote by 

r°°(7r) = T°°{£ JZ) = {<p : Jt -> smooth |tt o = i^} 

the vector space of smooth sections of ir, and by 

r~(7r) = rf (<?->•.*) = {<^£ r°°(7r)|supp^ compact} 

the vector space of smooth sections of ir with compact support. Likewise, we denote by S>'(ir) = 
<3'(g -+Jf) = Tf(£' <g> A d Tt# -> JZ)' the space of ^-valued distributions, where ir' : §' ^ J( 
is the dual bundle of ir. The fiberwise scalar multiplication turns r°°(7r), r^°(7r) and &(ir) into 
< ^°°(^#)-modules, so that multiplication of sections by / G ^^(jtft) is even a 'g' 00 (^#)-linear 
map from r°°(7r) into L^tt), for supp (ftp) C supp / for all / £ ! T 00 (^#), G r°°(7r). 

We also briefly recall the notion of jets of smooth maps between manifolds of respective 

dimensions d, D, referring to [35] for a thorough exposition. Let r G N; we say that two smooth 
maps %px,ip% : — > have the same r-th order jet at p G ^# if for some (hence, any) 
coordinate charts x : U 3p-> R d , y : V D ipx(p),ip2(p) R D , the r-th order Taylor polynomials 
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of y o tpi o x^ 1 and y o ip 2 ° x ~ 1 at p coincide. Having the same r-th order jet at p £ ^# is clearly 
an equivalence relation in the space < &°°(^, ^#') of all smooth maps from into . and the 
equivalence class of tp £ &°°(^,^') is called the r-th order jet of ip at p, denoted by j r ip(p). 
The r-th order jet bundle of ( ^' 00 (^#,^#'), given by 

n r : J r (^, Jt') 3 fi/j(p) ^ n r (j r iP(p)) = (p, ^(p)) £ Jt x Jt' , tP£^°°{J/, Jt') , 

is an afhne bundle over Jt x Jt' , whose typical fiber is the space of r-th order, R rf -valued 
polynomials vanishing at £ R d . Given tp £ < tf ca (Jt,Jt r ), the corresponding section j r ip : 
p i — y j r ip{p) of 7Tq' is called the r-th order jet prolongation of ip. Truncation of r-th order Taylor 
polynomials to order 1 < s < r induces surjective submersions -k t s : J r (Jt,Jt') — > J s (Jt, Jt') 
which satisfy tt^ = 1 and ott^ = 7r[ for all < t < s < r, which allow one to define the projective 
limit 7r£° : J oa (Jt,Jt') — > Jt x Jt' , called the infinite- order jet bundle of < tg oc (Jt,Jt'). One 
can then identify the sequence (j r ip) r >o of jet prolongations with a section j°°ip of J°° (Jt , Jt'), 
called simply the infinite- order jet prolongation of ?/>. J°°(Jt ^Jt'), being a countable projective 
limit of second-countable, finite-dimensional manifolds, can be made into a second-countable, 
metrizable Frechet manifold [31] • If 7r : — s> is a fiber bundle over . tt . we can define the 
subspace J r (ir) C J r (Jt : S) of r-jets X — j r ip(p) of smooth sections ip of ir (i.e. smooth maps 
from Jt to <§ satisfying n otp = 1^), 1 < r < oo. Then we can identify 7Tg l^w,^ with pr 2 o ttq 7 
and we call the affine bundle tt 7 : J t (tt) — > $ the r-th order jet bundle of w. 

2.2. Topology and geometry of the space of field configurations. Let (Jt, g) be a globally 
hyperbolic space-time, and ( i? 00 (Jt) = c £° a (Jt , IR) be the space of real- valued smooth functions 
on Jt. We call c (o°°(Jt) a(n off-shell) space of (real scalar) field configuration.^. It can be 
topologized in two different ways by means of the infinite-order jet prolongation of its elements, 
as follows. Let e tf(Jt, J°°(Jt, R)) be the space of continuous functions from ./tt into J°°(Jt , R). 
The compact-open topology on c tf(Jt, J°°(Jt, R)) is generated by the sub-basis 

% K .y = {X £ J°°(Jt, R))\X(K) c V} , 

for all K C Jt compact, V C J°°(Jt, R) open. The initial topology on < £°°(Jt) 3 ip induced by 
the compact-open topology on &(Jt, J°°(Jt, R)) through the map <p >-t j°°p is also called the 
compact-open topology on < £ ca (Jt). The graph (or Whitney) topology on ff(Jt, J°°(Jt, R)), on 
its turn, is given by taking 

%V = {X £ tf(Jt, J°°(Jt, R))\(p,X(p)) £ W for all p£ J}, 

for all W C Jt x J°°(Jt, R) open in the product topology, as a basis of open sets. Obviously, 
to have ^ one needs W to satisfy pr 1 (VF) = Jt . As J°°(Jt,R) is metrizable and Jt 
is paracompact, another basis for this topology is given around any Y £ &(Jt, J°°(Jt, R)) 
by {X £ c €(Jt, J°°(.#, R))\d{X{p), Y(p)) < e(p)}, for all positive e £ <€(M, R). The initial 
topology on < &°°(Jt) 3 <p induced by the graph topology on & (Jt , J°° (Jt , R)) through the 
single map tp M> j°°p is called the Whitney topology on c t? ca (Jt). It is in general finer than the 
compact-open topology, and coincides with the latter if and only if Jt is compact, which is not 

^Some physics texts, such as 1231 . call ^' 00 (^#) the space of field histories on ./#. 
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our case. On the other hand, notice that since ^ is locally compact (for is finite dimensional) 
and second countable, we have that M is a-compact, that is, . // admits a so-called exhaustion 
by a sequence K n C K n +i of compact regions K n C which means that U^ =1 K n = . We 
can then use any exhaustion (K n ) n >i of ^# to show that any set as above must be a Gg set 
(i.e. a countable intersection of open sets) in the compact-open topology of ^(^#, J°°(^#, R)). 
Indeed, we have that 

oo 
71=1 

where pr 2 is an open mapping. Therefore, the Whitney topology on admits a basis 

made of Gs subsets of ff 00 {JZ) in the compact-open topology. 

The compact-open topology on c €°°{Jl) 3 ip can be understood as the topology of uniform 
convergence of all derivatives of ip on compact regions K C as induced by the seminorms 



||V||oo,fc,ic = sup \ Vj( f(p)\ 2 e > 

(!) \J ^ 

where &e~ x is the Riemannian metric induced on the bundle &T**d( of covariant tensors of 
rank j on ^ by a Riemannian metric e on H#, and <p is the iterated covariant derivative of 
order j of <p with respect to a torsion-free connection V on 7I/#, given recursively by 

V 1 !/? = Vp = dip , 

v J V(Xi, . . . , x,) = Vjc, v J '- V(^2, • • • , 

(2) 

-^V-'-V^,...,^-!^^^,^!,...,^) . 
Z=2 

A countable family of seminorms is obtained by exploiting the cr-compactness of ^# and choosing 
an exhaustion (K n ) n >i of jji as above. The topology induced by the seminorms || • ||oo,fc,_fs-„ is 
then independent of the choice of e, V and the exhaustion (K n ) ne ^. It is clearly a vector space 
topology with respect to the standard vector space operations in a function space, and gives 
rise to a Frechet space structure on < ^°° (.-#). An equivalent, separating family of seminorms 
generating this topology is given by 



(3) IMIoo.k,/ = sup 



\ 



£|/(P)V'V(P)| 

3=0 



2 

e ) 



where / runs over the space t rf^°(^) = < ^ c °°(^#, R) of real- valued smooth functions with compact 
support. To see the equivalence, let (/„)„ £ n be a sequence in c to^°{^) taking values in [0, 1] such 
that /„ = 1 in K n and supp/„ C K n +i, where (K n ) ne ^ is the exhaustion of Jt defined above. 
Then one clearly has ||^||oo,fe,«-„ < IM|oo,k,/„ < IM|oo,fc,-R"„+i for all ip G ^{Jt). Finally, yet 
another equivalent, separating family of seminorms generating the compact-open topology which 
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will play a major role in this work is given by the local Sobolev seminorms 



(4) 



II 



fh,k,K = , ^ / V^l^d^e , K C Ji compact, K ^ , 




(5) 



where d^t e is the volume element associated to the Riemannian metric e on The equivalence 
can be established by means of the sequence (f n )nebi defined above together with the Sobolev 
inequalities, using a partition of unity subordinated to a finite covering of supp f n by suitable 
domains of coordinate charts for each n £ N. 

2.2.1. Remark. Formulae fl}-© can be extended to the space r°°(7r) of smooth sections of a 
vector bundle ir : S — > ^# over Ji(: given a torsion-free connection V on <S and a torsion-free 
connection V on 21#, we can combine them into a torsion-free connection on ® k TVM ® § for all 
k by using Leibniz's rule. We denote such a connection by V for all k > 0, since there will be no 
danger of confusion. Once we write V 1 p(X) = V xP for all tp £ r°°(7r), X £ T°°(T^ -> J(), 
we can define fc-th order iterated covariant derivatives V k ip of ip £ r°°(7r) for all fc > 2 by means 
of ([2]). We can now endow S with a Riemannian fiber metric e and define 



Substituting © into (fTJ) and ([21)-© allows us to define the seminorms ||^|| p fc /, ||</?||j>,fc,K of 
<p £ r°°(7r) for all / £ ^ if C K C ^ compact, p = 2, oo. 

The Whitney topology on ^°°(^#), unlike the compact-open topology, is not a vector space 
topology in general. Since a sequence ((p n )n&U converges to tp £ c £'°°(^f) in this topology if 
and only if there is a compact subset K C ^0 such that ip n (p) = V'(p) f° r au P G \ K 
and ■f/'n converges uniformly to tp on if together with all its derivatives |51| . we see that scalar 
multiplication is not Whitney-continuous at zero unless ^# is compact. 

Nonetheless, the Whitney topology induces on e i£ °(jtf) the structure of a flat affine manifold, 
modelled over the subspace ^ c °°(^#). To wit, for every p> £ c ^°°{^) there is an open neigh- 
borhood basis on p> of the form "% + p — {p + p\ip £ where % runs over a basis of open 
neighborhoods of zero in ^ c °°(^#) in the latter's usual inductive limit topology. In particular, 
the connected component of p> in the Whitney topology is exactly <p + (..#) . The coordinate 
chart associated to % + p is then given by n v (p + p) = tp, and the coordinate change map from 
to ^2 is given by k V2 o KZ^(<pi) = (p\ + (pi — P2), which is clearly affine. We remark that, due 
to the aforementioned connectedness property of the Whitney topology, the respective domains 
tf/i + ipi, ^2 + P2 of k Vi and k V2 have nonvoid intersection if and only if <p\ — <p% has compact 
support, in which case we conclude from the argument in the previous paragraph that kC 1 o k V2 
is even continuous with respect to the Whitney topology. 



(6) 



|VVll = ((^e" 1 ) ® e)(VV,VV) • 
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As argued in Appendix [A] the notion of smooth curves in the modelling space ( ^ c 00 (^) allows 
one as well to use the atlas 

(7) &={(<% + if, K v )\Wtf™(,£) 3 open, ip G <*f°° [JV)} . 

we have built in the previous paragraph to induce a smooth manifold structure on c &°°(^£). In 
particular, due to the affine structure of < ^' 00 (^#), the tangent and cotangent bundles of < ^' 00 {^) 
are trivial, being respectively given by 

T<€™{J() = <g°°{jK) x , 

where &'{/\ d TZ^ — > jtf) = ^^{Ji)' is the space of d- form- valued distributions on Ji . We 
endow T^ 00 (./#) with a flat connection, to be defined as follows. The parallel transport operator 
F 7 Al ^ 2 (7(Ai),f) = ( 7 (A 2 ),F) on TR = RxR along 7 e ^°°(IR, R) associated to the standard flat 
connection on the target space R of c to°° (./#) can be pulled back to T^°° {ytf) by setting 

P^XAx,-),^) = (a(A 3 ,p),0(p)) = P^(a(A 1 ,p),^(p)) , 

where a : R x «/# — >• R defines a smooth curve in c £° (^f) with respect to the Whitney topology 
(see Appendix [A)) . Given sections X,Y of T c £ 00 (^) taking smooth curves in c ^" x> (^) with 
respect to the Whitney topology to smooth curves in T < rf°°(^), we may define at each ip £ 

^°°(^) 

(8) D Y X[ip] = -^\ x =o(P£°X[a(\,-)}) , 

where a : Rx^ , °°(^#) — >'if 00 (^#) is a smooth curve such that a(0,p) = <p(p) and ^|^ = oa(A,p) = 
~pr 2 (Y[ip])(p). An example of such a curve is 

(9) a(\,p)=<p(p) + Xpr 2 (Y[<p])(p) . 

We say that D is the ultralocal lift of the standard flat connection on the target spacj^ R, for 
DyX[(p](p) depends only on ip(p). In what follows, we automatically extend D to all covariant 
and contravariant tensor fields on < £ , °°(^) (see Appendix [A] for a precise definition) in the 
standard fashion, i.e. by tensoring and taking adjoint inverses of the parallel transport operator. 

It is clear from the above definition that P a defined above is the parallel transport operator 
along a associated to D. It is a consequence of the ultralocality of D, however, that much more 
is true: 

(1) The geodesic a starting at ((p,<p) £ T'£' 00 (^f) is given by ©. As a consequence, the 
exponential map exp D : T^°° — > < ^°° (-#) x 'tf 00 (Jt) of D is complete and given by 

CXp D ((f, 0) = ((p,(fi + tf) = (<p, K v {$)) . 

In other words, the chart k v is precisely the normal coordinate chart around ip associated 
to D. 



2 In the context of field theory, such connections were formally introduced in 12.31 . For a precise, general concept 
of ultralocal lifts of connections on target spaces, see for instance Example 4.5.3, pp. 94 of I37| . 
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(2) The curvature tensor of D is given by 

Biem D (X, Y)[p](p) = Riem^p) (X [cp] (p) , Y [ip] (p)) = , 

where Riem t = is the Riemann curvature of the standard fiat connection on the target 
space R at the point t. As a consequence, the fe-th order iterated covariant deriva- 
tive D k X(Yi, . . . , Yfc) of a tensor field X along vector fields Y\, . . . , Yk is symmetric in 
Y 1 ,...,Y k for all k. 

We close this Subsection with two technical Lemmata. The first is a simple but useful mani- 
festation of the fact that the Whitney topology is finer than the compact-open topology: 

2.2.2. Lemma. Let ^ C c #' 00 (^#) he open with respect to the Whitney topology. Then for every 
(fa G , V C ^# open, there is a ip G % such that supp (ip — (po) is compact and contained 
in V, and X(p — ipo) G % — tpo for all A G [—1, 1]. 

Proof. By the reasoning in the paragraphs preceding this Lemma, there is an absolutely convex 
open neighborhood "V of zero in c £^°{^) contained in — ipo. Given any ipi G < ^ c °°(^), there 
is a t\ > such that ti\)\ G V for all t £ R with \t\ < t\, since Y is absorbent. Choose ipi with 
supp tpi C V, set (p = (po + titpi, and we are done. □ 

The second allows one to strengthen the conclusion of Lemma 12.2.21 

2.2.3. Lemma. Let ip G c g°°{Ji), r e hi U {0}, p G J( . Then there is p G < ^°°(^) satisfy- 
ing j r p{p) — j r Po(p), such that supp (jp — po) ^ is contained in an arbitrarily small open 
neighborhood U of p with compact closure K , and \\<p' — po\\oo,r.K < e for e > arbitrarily small. 

Proof. Since we are dealing with a local statement, we assume without loss of generality that 
^ — R d , p = 0, <po = 0, e is the standard Euclidean metric and V = d is the associated (flat) 
Levi-Civita connection. Let now cp' G < ^' 00 (^#) be such that j r p'(p) = j r po(p)\ it follows from 
Taylor's formula with remainder that d a p'(x) = 0(||x|| r+1 ~l Q l) as —> 0, for all multi-indices 
a such that < \a\ < r. Let / G tf^(R d ) such that f{x) = 1 for < \ and f{x) = 
for ||x|| > 1. Given R > 0, define fn(x) = f(R~ 1 x). It follows from the chain rule that 
d a fn(x) = R-^(d a f)(R- 1 x), Define now tp = fR(p'; Leibniz's rule gives us that 

IMIoo,r,JC < CrM\^\\oo >r ,B^\\f\\oo,r,B^0j R 

for all K C R d such that K D B R (0), where B X (Q) = {x G R d \\\x\\ < A}. Taking R sufficiently 
small yields the desired bound. □ 

2.3. Functionals as observables. Our observable quantities will be maps F : tyt — > C which 
we call functionals, where ^ C (^#) is usually some open set in the compact-open topology, 
though we may occasionally consider more general subsets. The need to localize the domain 
of definition of functionals comes from the fact that, when we study full nonlinear dynamics 
in the second paper of this series, we will be led to consider functionals which are not a priori 
defined for all field configurations. We shall now introduce a concept which tells us in which 
sense functionals are localized in a certain region of space-time, following |12) . 



ALGEBRAIC STRUCTURE OF CLASSICAL FIELD THEORY I 



13 



2.3.1. Definition (Space-time support). Let °l/ c c € oa {^). The space-time support supp F 
of a functional F : % — > C is the (closed) subset composed by the points p G such that 
for any neighborhood U of p we can find ip G °?/ ,<p G ^ — ^ with supp (p C U for which 
■F(y> + ip) ^ F(ip). The space of functionals over ^ with compact space-time support in will 
be denoted by ^'ooM', 

In other words, a functional F is insensitive to disturbances of its argument which are localized 
outside suppF. As shown by Lemma [2.3.81 below . Definition ^. 3. II gives a nonlinear generalization 
of the notion of support of a distribution. It is important, on the one hand, to emphasize that 
Definition 12.3.11 depends on the domain of definition of F . For instance, if we restrict F to 
a smaller domain of definition ~f C then supp F will in general be a smaller subset of ^# 
(see Remar k 1 2 . 3 . 2 1 ri ght below). On the other hand, the domain of definition of F will always be 
clear from the context, so we refrain from referring to it in the notation. 

2.3.2. Remark. Let us give some simple examples of functionals. Given a compact region 
K C ^# of the space-time manifold ^ and / G < ?f c 00 (^) satisfying J „ fdfi g = 1, we define the 
functionals F,G,H : ^(Jt) ->Cas 

/T-i — - — i — r V bounded , 
Jt I otherwise . 

One clearly sees that F and G have compact space-time support (indeed, we have that supp F = 
K and suppG = supp/), whereas H does not. Other examples are the local Sobolev seminorms 
IMh.fc.if and Hvlta*,/ respectively defined in (£[]) and (0. We shall now give a slightly more 
complicated example which explicitly displays the dependence of the space-time support of a 
functional on the latter's domain. Let \ '■ R — ► [0, 1] be a smooth function such that = 1 if 
\t\ < 1, and x(t) = if \t\ > 2. Setting X R.{t) = xiR^t) for R > 0, define 

(11) G R (ip)=exp(l- X R°G(<p)) , 

with G as defined in (TO)). Let now <2fo = {ip G ^(^)| |M|oo,o, S up P / < for R' > 0; we 
have that 

' R' <R 

supp / R' > R . 



supp G R U 



Indeed, in the first case, we have that Gr\<% , = 1. 

We endow each jF 00 (^, ^), for ^ 3 <p running over the compact-open topology of ' 
with the following pointwise algebraic operations: 

• Sum F,G^(F + G)(p) = F{ V ) + G{<p)\ 

• Product F,G^{F- G)(ip) = F(<p)G(ip); 

• Involution F n- F*(ip) = F((p); 

• Multiplication by scalars z G C, F n> (z ■ F)(ip) = zF(ip); 

• Unit 1 : ip n- 1. 
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Now we show that the algebraic operations of j^bo {St, preserve space-time supports. As 
a direct consequence, these operations turn j?oo , °M ) into a commutative unital *-algebra. 
Firstly, it is trivial to check that the scalar multiplication by any ^ A e C and the involution 
leave the support unchanged, whereas any scalar multiple of 1 has empty space-time support. 
The full assertion is then a consequence of the following 

2.3.3. Lemma. Let C < ^°°(^), F, G junctionals over . Then: 

• The sum F + G satisfies 

supp (F + G) C supp F U supp G ; 

• The product F ■ G satisfies 

supp (F ■ G) C supp F U supp G . 

In particular, ,^oo(^', e Sf) is a commutative unital * -algebra. 

Proof. Let us assume that p £ supp F U supp G, that is, 

p £ C(supp F U supp G) = Csupp F n Csupp G . 

By the definition of space-time support, there is an open neighborhood V of p such that for 
all ipo £ & , (f £ W — </?o satisfying supp 93 C V", we have that F(ipo + p) = F(ipo) and 
G(cp +<f) = «(w>)> hence + + ¥>) - + G)(cp ) and (F • G)(^ +<p) = (F- G)(<p Q ) 

for all such ipo, (p. This entails that p £ supp (F + G) and p ^ supp (F ■ G), as desired. □ 

We emphasize that, unlike for supports of functions on the stronger property supp(_F-G) C 
supp Fn supp G does not hold for space-time supports of functionals. A counter-example is given 
by F = Gr 1 and G = Gr 2 with Ri < R 2 , where Gr is defined for all R > in <jTTJ) . The 
reason is that the notion of space-time support is a relative one; it is not necessarily true that 
F(ip) vanishes if <p is supported outside supp F. For instance, given / £ < tf°°(^), we have 
that the functional F(<p) — JVj, / exp(<^)d^t g satisfy = 1 for all </? £ < t?°°(^£') such that 

supptp (~1 supp / = 0. In the above counter-example, we also have that Gr is nowhere vanishing 
for all R > 0. 

The raison d'etre of Definition 12.3.11 becomes evident if one assumes the following property: 

2.3.4. Definition ( Additivity) . Let % c ^{Jt). A functional F £ ^ m {Jt ',<%) is said to be 
additive if for all (^2 £ ¥>i , ¥>3 £ ^ — ^2 such that (^1 + 933 £ ^ — ip 2 and supp y 1 D supp 1^3 = 
we have 

(12) F((pi +ip 2 + ^3) = F(ipi + ip 2 ) - F(ip 2 ) + F(ip 2 + ip 3 ) 
or, more concisely, 

(13) F Vl (ip 2 + <p 3 ) = F Vl (<p 2 ) + F Vl (ip 3 ) 
where F v (ij;) = F(ip + <p) — F(ip). 



ALGEBRAIC STRUCTURE OF CLASSICAL FIELD THEORY I 



15 



As it will be seen shortly, this notion essentially captures what it means for F G .^oo(-"^' ) 
to be local with respect to the space-time For instance, in the case that °i/ = c la ca (^) we 
havj^ the following nonlinear analog of a partition of unity, introduced in Lemma 3.2 of [T2]. Its 
simple proof is included here for the convenience of the reader. 

2.3.5. Lemma. Any additive functional F G J^oo(-^ («^)) can be decomposed as a finite sum 
of additive functionals with arbitrarily small space-time support. 

Proof. First of all, let us endow ^# with a complete auxiliary Riemannian metric h, whose 
associated distance function is given by dh ■ ^ X ^# — > R+. In what follows, by "distance" 
between p,q G we mean d/j(p, g), and a "ball of radius i?", an open set {q G : dh(p, q) < R} 
for some p G ./#. 

Let e > be arbitrary, and (-Bj)i=i,..., n a finite covering of supp F by balls of radius e/4. 
Associate to this covering a subordinate partition of unity (Xi)i=i,...,n- By a repeated use of the 
additivity of F we arrive at a decomposition of the form 



with si G {±1}, Fi(ip) = Fk(ipJ2i£I Xi)i where tp G < ^' 00 (^#) and / runs over all subsets of 
{1, . . . ,n} such that Bi n Bj ^ for all i,j 6 /. It is obvious that Fj is again an additive 
functional, and from the definition of space-time support we immediately find that supp Fj C 



2.3.6. Remark. The concept of an additive functional, although not exactly mainstream, is by 
no means new in the mathematical literature (consider |65| as a starting point). In the present 
case, it was motivated by the study of the set of possible counterterms generated by all choices 
of renormalization prescription in perturbative algebraic quantum field theory [281 112) . We have 
already seen examples of additive functionals, such as the square of the local Sobolev seminoma 

Counter-examples include the functional F defined in (TIT)]) and the functional Gr defined 
in (TTT]). 

A further property we will demand from our functionals concerns their differentiability. We 
will just spell the complete definition we need for convenience, which builds on the discussion in 
Appendix [21 

2.3.7. Definition. Let ^ c c ^°°{^) be open in the compact-open topology. We say that a 
functional F G ^boO^i^O is differ entiable of order m if for all k = l,...,m the fc-th order 
directional (Gateaux) derivatives (henceforth called functional derivatives) 



(14) 




I 



Uie/ &i = Bi. Since any two points in Bi have distance less than e, then each Bi is contained 
in a ball of radius e. □ 



(15) 



> 



dXi ■ ■ ■ dX k Ai= - =A fc =o 



) 



'The restriction on "1/ can be weakened in a certain sense. See Lemma l3.1.5l 
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exist as jointly continuous maps from % x c g" x '(^) k to R, where (•, •) denotes dual pairing. In 
particular, for each <p fixed, F( fe )[iyj] is a distribution density of compact support on If F is 
differcntiable of order m for all m G N, we say that F is smooth. 

In certain cases, we can extend Definition 12.3.71 to the case when is no longer open (see 
Appendix EJ. 

The relation of the notion of space-time support of a functional to the notion of support of a 
distribution can be made more transparent for differ entiable elements of J^oo(^> 

2.3.8. LEMMA. Let % C be open in the compact- open topology and convex. If F G 
J^OO (-^i '^0 i s a differ entiable functional of order one, then 

(16) suppF= (J suppFM^] . 

Proof. If p G supp F, then by definition there are tp <E , tp <E — ip with <p supported in a 
neighborhood of p such that F(p> + <p) ^ F(<p). By the fundamental theorem of Calculus (j9"9"|) . 
there is a Ao G (0, 1) such that F^[ip + \Qip\((p) ^ (this is the only place where convexity of 
is used). This implies the inclusion suppi* 1 C U^g^- supp F^ [ip] . 

For the opposite one we argue as follows. Let us suppose that p G supp F^[ip], then this 
means that there is a (p G < iS co (y^) supported in a neighborhood of p such that F^[ip](tp) ^ 0, 
whence it follows that F(ip + A<p) ^ F(ip) for all A chosen sufficiently small (depending on tp) so 
that p + Xp G . We then conclude that p G suppF, i.e. 

supp F^ [ip] C supp F . 

Taking the union of the left-hand side with respect to all ip G % and closing implies the thesis. □ 

We remark that the same argument used in Lemma l2.3.8l to prove the inclusion suppi* 1 *- 1 - 1 [ip] C 
supp F can be used to show that if F is differentiable of order m > 1, then supp F^[ip] C 
(suppF) fc for all 1 < k < m. 

We shall now display formula (flo 7 )) in action using a specific example. Let Gr — Gr\<% , G 
^bo(-^)^R') be the functional defined as in (fTTj) . By Faa di Bruno's formula (| 104[) . one sees 
that Gr is smooth for all R,R' > 0. In particular, by the chain rule (|100p . 

G^VfM = -^Gr(p)( X ')roG(p)G(p) . 

When R' < R, we have that (x')r ° G(ip) — for all ip G ^r>, whence G^ [tp] = for all such ip. 
If R' > R, then we have that suppG^fy] = if ||y||oo,o,supp/ < Ri an d su PPG^[y>] = supp/ 

if R < ||^>||oO,0,8Upp/ < R- 

2.3.9. Remark. A natural question that arises at this point, whose answer is in general evaded 
in the literature, is how Definition 12.3.71 fits into the manifold structure of induced by 
the Whitney topology. This question is answered by means of the following fact: given any 
compact region K C ^ and any nonvoid subset % C < ^°°(^#), one can uniquely extend any 
F G J^ooG"^,^) with suppF C K to the subset i' 1 ^), where i x : ^(Ji) -> tp + c £™{Jf) 
is defined by i x (p) = tpo + x{f ~ Vo)) S % is fixed and x € < ^S°{- / ^) satisfies xip) — 1 f° r a U 



ALGEBRAIC STRUCTURE OF CLASSICAL FIELD THEORY I 



17 



p G K . It is clear that i x is a continuous (in fact, even smooth) map from c & 00 (^) into itself, if 
the domain is endowed with the compact-open topology and the codomain is endowed with the 
Whitney topology. In particular, if 'W is a connected, Whitney-open neighborhood of ipo, then 
i^iftt) is open in the compact-open topology, where becomes uniquely defined whenever 
it exists, for all k > 1. Moreover, since supp F^[<p] C (suppF) fe , one also concludes that 

(17) ...,0 k ) = F( fc )M( X ^, . . ., X 0k) = D k F[v]{ X 0u ■ ■ ■ ,X0k) , 

where x<Pj is understood as the covariantly constant vector field ip h-» (ip, Y<y5), 1 < j < k. Since 
the left hand side of the above formula is independent of x, we just write 

(18) F^[<p](0 1 ,...,0 k ) = D k F[<p](0 1 ,...,0 k ) . 

In particular, D k F defines a smooth tensor field on < ^' 00 (^#) when the latter is endowed with 
the smooth manifold structure induced from ^ c °° (^Z) (see Remark IA.0.21 and the discussion 
preceding it). 

Throughout the paper, our functionals F of interest will always be smooth functionals with 
compact space-time support. Thanks to Remark 12.3.91 if F is only defined in an open subset 
a i/ C C S' 00 (^() in the Whitney topology, we can uniquely extend such a F to an open subset 
c ^' 00 (^#) D % D ^ in the compact-open topology and unambiguously define F^ therein for all 
k > 1. Three very important spaces of such functionals are the following: 

2.3.10. Definition. Let C C €' X {M) be open with respect to the compact-open topology. The 
vector subspaces of , given by 

(19) 

&q{JK, = {F G &ao(Ut, &) smooth | fW [<p] G T™{A kd T*£ k ->• Jt k ), Vtp G ^, fc > 1} , 
(20) 

^i oc (^,^) = {f 6 .^bo(-^,^) smooth | suppF (2) [v3] C A 2 (^T), Vy? G ^} and 
(21) 

where A^(^#) = {(p, . . . ,p) G ^# fc : p G is the small diagonal of ^# in are said to be 
respectively the spaces of regular, local and microlocal functionals over . 

Criterion ([2"0"]l for locality of a functional was put forward in [55] in the case of functionals de- 
pending polynomially on the field configuration. We stress that J^o(^; '20 is even a *-subalgebra 
of J?oo(^,^)- 

Microlocal functionals comprise many functionals of physical interest. For instance, let to G 
r oo (A d r*J r („#, R) J r (^, R)); given any / G %f c °°(.#), the functional 

(22) Fdp) = [ f(f<p)*u> 

Jj( 

is clearly seen to be microlocal over any °i/ C ^°°(^#) open in the compact-open topology. Con- 
versely, it will be shown in Proposition 12 .3 . T2l below that all microlocal functionals are essentially 
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of this form. The above example becomes somewhat trivial if we take instead a closed p-form oj 
on J r (./#, R) with p < d, and define 



where <yf C ^# is a compact, p-dimensional submanifold without boundary. More precisely, 
it can be shown [75] that DG[<p](<p) for G as in (|2"3")) is represented by the integral over jV of 
an exact p-form on j& , hence DG[(p] = for all ip G In particular, supp G — 0, that is, 
G is locally constant. If cj is not closed or jY has a nonvoid boundary, then G is still a local 
functional, but not microlocal. 

It is easy to display examples of smooth functionals with compact space-time support which 
are not local. If F, G G .^locC--^ Leibniz's rule (jlOip applied twice to (F • G) (2) [^](</?i, $2) 
gives rise to a term of the form [(p]((pi)G^ [y>]($2) + [^((/Ji)-^ 1 ) [v>]($2), whose kernel for 
fixed if is represented by a smooth, compactly supported density on ^Ji 2 and hence not supported 
on A2(^#) unless it is identically zero, in which case either F or G must be constant. Hence, we 
conclude that F ■ G cannot be local if supp F, supp G 7^ 0. It follows from the same argument 
(using Faa di Bruno's formula (|104[) instead of Leibniz's rule) that if, for instance, t/j : C — > C is 
entire analytic and not affine, and G is microlocal with supp G^0, then F = tp o G cannot be 
local. A typical such example is 



which even happens to be regular. In fact, one immediately sees that a regular functional is local 
if and only if it is affine, in which case it is also microlocal. 

Returning to the general development of our framework, now we are in a position to make 
more precise the claim preceding Lemma T2.3.5I sharpening Lemma 3.1 of |12| . 

2.3.11. Proposition. Let °i/ C c £°°(Ji) be open with respect to the compact-open topology, 
and F G &oo(j#,'2f) be smooth. Then F belongs to J?i oc („#, if and only if it is additive. 
Moreover, in this case we have that supp FW [<p] C A fc (^) for allk>2,ipe^. 

Proof. (<=) for any k > 2, assume that in the support of F^[ip] there are two points Xi ^ 
Xj. Then, there exist two smooth functions tpi^j such that Xi G supp^, Xj G supp ipj and 
supp tpi n supp ipj = 0. By additivity we split the right-hand side of the formula for F^ in 
Definition 12.3.71 according to the supports of ipi and ipj , but the derivatives act always on all 
Aj's, hence we get zero. In particular, the last assertion holds. 

(=>) Assume that ipi , -02 £ V C % — f are such that supp ^1 H supp ^2 = 0, where Y is an 
absolutely convex open neighborhood of zero. Using the fundamental theorem of Calculus 
we write 



(23) 




(24) 






The integral in the right hand side can be rewritten as 
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By locality, F^ 2 '[fxipi + A "02 +<p] is supported in A2 (./#), but by our initial assumption suppi/^ (~l 
supp-02 — 0, hence (fTU)) and the last assertion of the Proposition hold. □ 

For microfocal functionals there is a refinement of Proposition |2~3. Ill which identifies this class 
of functionals with the kind of local functionals usually employed by physicists, such as (|22l) and 
(|23p . We build over the argument sketched in the proof of Theorem 2 of [T^], with a few changes. 

2.3.12. Proposition. Let C c ^°°{^£) be convex and open in the compact-open topology, 
(fa G & , and F G .^00 be smooth. Then F is microlocal if and only if there is a smooth 

d-form u)F,ipo on J°°(y$, R) such that its pullback (j°°ip)*WF jV0 by the infinite jet prolongation 
j°°tp of any tp G % is a smooth d-form of compact support on , and 

(25) F( V ) = Ffa) + f o-°»*^> ■ 

Jjl 

Moreover, wf i¥ > depends on infinite- order jets in the sense that for each p G ^# there is a 
r G N such that if p±,ip2 G % are such that j r pi(p) — j r P2{p), then ((j°°pi)*ujF. Vo ){p) = 
((j°°^ 2 )*a; F , V0 )(p). 

Proof. Smooth functionals with compact space-time support that satisfy the representation for- 
mula (|25p with uJF,tp as above are obviously microlocal, so we are only left with proving the 
opposite implication. Since % is assumed convex, the fundamental theorem of Calculus 
yields 

= / dAFW[<p + \ip'](tp')=F(<p )+ [ dX [ <p'E(F)[<p. + X<p'} , 

Jo Jo J J( 

where tp' = tp — ipo and E(F) [tp] is the smooth density of compact support that represents F^ 1 ' [ip] . 
Therefore, 

P^F p {p)= [ dX((p(p) - <p (p))E(F)[<p + X(cp - p )](p) 
Jo 

is our candidate for the density {j°°p)*uiF,ip a i which we will identify with a smooth function by 
a choice of a volume element on a neighborhood of supp-F, when needed. Take now ^1,^2 G 'V 
such that (pi + if2 G V and ipi — (f2 vanishes together with all its partial derivatives in some 
(hence, any) coordinate chart at some p G ^# (the first condition can always be achieved by 
multiplying <px , <p2 € "V by a suitably small constant - this operation does not modify the second 
condition). Applying the fundamental theorem of Calculus (|99p once more, together with the 
Fubini-Tonelli theorem, we get 

F p (<po + ¥2) - F p ((po + ipi) = 

= <Pi(p) / 6X(E(F)[<pa + \<p2](p)-E(F)[<po + \<pi](p)) 
Jo 

= (p 1 (p) XdX d^,E(F)^[p + X((f! + fj,((f2 - <Pi))]((f2 - <Pi)(p) , 
Jo Jo 
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where we have also made use of the fact that <fi(p) = tpzip). However, for each tpi, ip2 G such 
that tpi + ip2 S "V , the linear map 

^°°(^)3 0^ f dA / d(iE(F)M[(p + \(ipi + iJ,iJ2)](<p) E^iJZ) 
Jo Jo 

decreases supports, for the integrand in the right hand side coincides with F^- 2 '[cpo + + 
fiip2)](0> ') m the sense of distributions and F is local. By Peetre's theorem the above 
linear map must be a linear differential operator of order r' with smooth coefficients supported 
in supp-F for some r' £ N depending on ip. Since we have assumed that ipi and if2 coincide up 
to infinite order at p, it turns out that 

dAt^i (p)E(F) [ip + X(pi] ip) = f d\p 2 {p)E(F) [<p + A</> 2 ] (p) , 

Jo 

hence proving the first assertion. Moreover, since F^[ipo + + fj,ip2)](tp, •) is a distribution 
supported in supp F, it must be of finite order rfN (say), hence we may require that ipx and 
if 2 coincide only up to order r at p, thus proving the second assertion. □ 

2.3.13. Remark. A natural question at this point is whether the density determined by a mi- 
crolocal functional F is of finite order r > 0, that is, it depends only on a finite, if -independent 
number r of derivatives of the field configuration ip at each point of so that (|23|) reduces to 
the form ([2"2"]h Obviously, this is equivalent to the same question posed for the smooth density 
E(F)[(p] representing F^^tp]. It follows from Lemma 12.3.51 and the fundamental theorem of 
Calculus that a necessary condition for E(F)[ip] to be of globally finite order (say) r € N is 
that for every R > there is a C > such that the Lipschitz estimate 

(26) HEWfa] -* g E(F)[ 

V^l] II oo,0, supp F <c\\ (f2 f\ ||oo,r,supp F 

holds for every <pi,(f2 £ % such that H^i — <f2 ||oo,r.supp f < where * g is the Hodge star 
operator associated to the metric g. It follows from Lemma [2 . 2 . 31 that if is such that for every 
tpo S % there is a S > such that {ip £ C S' 00 {^) : \\ip — (fi o\\ oo, r, su PP f < $} C then these 
estimates are also sufficient (see Proposition 5 and Theorem 1 in |79j). 

We close this Section with a few comments on the algebraic structure of the spaces of local 
and microlocal functionals. As we have seen, in spite of the nice structure of its elements, 
J?i oc (./#, °i/ ) and .^jioc(»'^' ) % ) are not closed under pointwise products. However, the dynamical 
developments in the next Section will lead, for each c l rf 00 (^) open in the compact-open 
topology, to a space of functionals which includes both ,^" M i oc (^', and ^q(^C, and is not 
only closed under products, but will also be shown later to possess good topological properties 
(see Section 2]). 

3. Off-shell linearized dynamics 

Unlike the standard approaches to classical field theory, we will not attempt to impose equa- 
tions of motion directly to field configurations, but instead we do this algebraically by studying 
the effect of dynamics on observable quantities. More precisely, in this Section we want to 
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describe how perturbing a given dynamics affects observables. On an infinitesimal level, this cor- 
responds to endowing a sufficiently large space of observables with a Poisson structure associated 
to this dynamics, which will be introduced in Subsection 13.21 

3.1. Preliminaries. Generalized Lagrangians and the Euler-Lagrange derivative. Our 

approach to dynamics is based on a local variational principle of Euler-Lagrange type. In order 
to formulate it in our context, first we need to make the representation formula for microlocal 
functional provided by Proposition 12 .3 . 1 21 more flexible by allowing the support of the functional 
to be prescribed at will. This is accomplished by the following concept, introduced in a slightly 
different form by Definition 6.1 of [T3] (see also the footnote preceding Lemma \3 . 1 .31 below) . 

3.1.1. Definition. Let C c € ca {^). A generalized Lagrangian Jz? on °k is a map 

such that the following properties hold: 

(1) supp(JSf(/)) C supp/; 

(2) 2{h +f2 + f 3 ) = &(fi + h) - %{h) + &{h + fa), if supp h n supp f 3 = 0. 

We call the argument / of Jz?(/) its support function. We say that Jz? is smooth if Jz?(/) is 
smooth for all / S <e™{Jf). 

In other words, a generalized Lagrangian is additive with respect to support functions. As with 
the case with additive functionals, one can work instead with relative generalized Lagrangians 
Jz?/ with respect to /o € ^ c °°(^#), given by 

JS? A (/) = JS?(/o + /)-^(/o) , 

in terms of which the additivity property with respect to support functions reads, for all /i, /2, /3 € 
< ta^°{^£) such that supp/i n supp/3 = 0, 

Moreover, one has the follwing result, extracted from the proof of Proposition 6.2 of |12j . 

3.1.2. Lemma. Let Jz? be a generalized Lagrangian. Then supp Jz?/ (/) C supp/, for all /, /o € 

Proof. Let p £ supp /, and choose /q S < ^ , c °°(^#) such that /q = /q in a neighborhood of p 
and supp / l~l supp /q = 0. By additivity of Jz? with respect to support functions, we have that 
•%>(/) = -^/o-/^(/)) whicn implies that supp JSf/ (/) C supp (/ + f - /£) U supp (/ - /£). 
Therefore, p ^ supp Jz?/ (/), as asserted. □ 

Additivity with respect to support functions is a weak substitute for linearity, but is strong 
enough to yield useful consequences. One of them is that the argument involving field configu- 
rations inherits this propertjjj: 



This property is assumed a priori in Definition 6.1 of [12 . 



22 



ROMEO BRUNETTI, KLAUS FREDENHAGEN, AND PEDRO LAURIDSEN RIBEIRO 



3.1.3. Lemma. Let °l/ C and Jz? a generalized Lagrangian on % . Then, for all f G 
^™{J(), Jgf(/) is additive. 

Proof. Fix an arbitrary / G t if°°(y4t), and let tp 2 G ^ , yi , <y53 € ^ — f2 be such that supp ipi <~) 
supp(/?3 = 0. Let Xi;X3 S c (o co (^) be such that Xj = 1 in a neighborhood of supp j = 1,3, 
and supp Xin supp X3 = 0- Define f 1 = xif, fz = Xzf, and f 2 = f-fi~h- Then, by properties 
(1) and (2) in Definition I3~L~T1 

JSf(/)fo>i + ^2 + <pa) = &(fi + h){vi + Va) - ^(/a)fo>a) + -^(/a + / 3 )(^a + ^0 • 
However, we also have that 

&(f)(<Pi + V2) = JSf(/i + / a )(y>i + ¥>a) - ^(/a)^a) + JSf(/a + /a)(^) , 

JSf (/)(^) = JS?(/i + /a)(¥>a) - JSf(/a)(va) + ^(/a + /sX^a) , 
^(/)(^ 2 + ¥> 3 ) = JS?(/i + /a)(^a) - if(/a)(<^a) + if (/a + / 3 )(</>a + ¥> 3 ) , 
whence it follows that 

JS?(/)(pi + ^2) - ^(/)(va) + JS?(/)(^a + ¥> 3 ) 

= JS?(/i + /a)(v>i + <pa) - ^(/a)(va) + JSf (/a + / 3 )(^ 2 + ^3) 
= JSf(/)(<pi + ^2 + ^3) , 
which proves our assertion. □ 

3.1.4. COROLLARY. Let °tt C %?°°(^#) 6e open with respect to the compact-open topology, and Jz? 
6e a smooth generalized Lagrangian on . Then Jz?(/) G J^"i c(^, ^) /or flii / G < ^ c 00 (^#) . 

Proof. Apply Proposition 12.3.111 to the outcome of Lemma 13.1.31 □ 

Another consequence is the following generalization of Lemma 12.3.51 to any open subset of 

3.1.5. LEMMA. Let °^ C ^°°(^#), and Jz? be a generalized Lagrangian on . Then, for any 
f G c (a^°(^) fixed, Jz?(/) can be written as a finite sum of additive functionals of arbitrarily 
small space-time support. 

Proof. Let (xi)i=i,—,n a the partition of unity subordinated to the finite open covering of supp/ 
constructed in the proof of Lemma 12.3.51 Then 

Applying additivity of Jz? with respect to support functions just as we did in the proof of Lemma 
12.3.51 yields the desired result. □ 

Lemma 13.1.51 will be refined even further in the third paper of this series. 
Motivated by Corollarv l3.1.41 we say that a generalized Lagrangian Jz? is microlocal if -£?(/) G 
.^ t i oc (.#, for all / G < ^ c °°(^), and of (finite) order r > if, in addition, Jz? (/) is of finite 
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order r £ N for all such /. A simple but important example of microlocal generalized Lagrangians 
of order r are the squares of local Sobolev seminorms §5§ at order k — r 

(27) JSf(/)(p) = IMlt,,,/ ■ 

With the concept of microlocal generalized Lagrangian at hand, we can write down the Eulcr- 
Lagrange variational principle in the form we will use. 

3.1.6. Definition. Let °l/ C be open in the compact-open topology, Jzf a smooth 

generalized Lagrangian, k > 1. The fc-th order Euler- Lagrange derivative of Jz? at tp G ^ along 
01,..., (fik € {Jt) is given by 

D k ^{l)[p](0 u . ..,0 k ) = D k ^(f)[p]{p u ...,0 k ), 

where / S < ^' c 00 (^#) satisfies / = 1 on supp </?.,■ for at least one j = 1, . . . , k (due to Lemma [3.1.21 
the above definition is independent of the choice of /). If Jzf is microlocal of finite order and 
supp tpi is compact, we have that for k = 1, 

D#(l)[<p](ft) = (E&)[<p],fr) 

defines a partial differential operator -E(Jzf) : a // — > T°° (A d Tt# — > ^#), called the Euler-Lagrange 
operator associated to Jzf . The map -E(Jzf) is clearly smooth, with derivatives of order k > 1 at 
(f 6 a i/ along if2, ■ ■ ■ , <fk+i G < ^ , °°(.-#) given by the identity 

f $ 1 D k E(J?M(tp 2 ,..., t p k+1 ) = D k ^{l)[p]{0 1 ,0 2 ,..., 0k+i) ■ 

For <p e fixed, the maps D k E{^)[ip] : (g) fe< ^°°(^) F°°(A d Tt# ^) are (symmetric) 
fc-linear fc-differential operators (i.e. for each j = 2, . . . , k+ 1, £>' c £ , (j2f)[(/3](^?2, ■ • ■ , $j 5 ■ • ■ , ( fk+l) 
is a linear partial differential operator acting on tpj with all other arguments fixed). We call 

E'(J?)[ l p}=DE(J?)[ l p] 

the linearized Euler-Lagrange operator around tp £ °?/ . 

Definition ^. l.Gl prompts us to compare it with the standard formulation of the Euler-Lagrange 
variational principle in field theory |48| . We sketch this comparison below. Our definition 
of Euler-Lagrange derivatives is tailored to get rid of boundary terms automatically; to make 
them appear, let Jzf (/) be a microlocal generalized Lagrangian which depends linearly on the 
supporting function /. It follows from Peetre's theorem [52] that DJ^(f)[tp] is a linear partial 
differential operator acting on / for each fixed ip, taking values on r°°(A d Tt# — > Let now 
/ converge to the characteristic function \k of a compact region K of ^# with smooth boundary 
dK - the part of DJzf (f)[ip](p) proportional to the term of zeroth order in / yields 

Jk 

and the remaining terms become the integral over dK of the Poincare-Cartan (c? — l)-form Q[<p] 
associated to the action integral J£(xk) over K. If Jzf is of order r, one can show [25] that 
i?(Jzf ) has order at most 2r. Therefore, Definition 13.1.61 does provide a generalization of the 
Euler-Lagrange variational principle. 
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The role of Lagrangians which are total divergences in our setup is played by the following 

3.1.7. Definition. Let C c € co (J{). A generalized Lagrangian Jz? on is said to be trivial 
if supp ,£?(,/) C supp (df) for all / € ( ^' c 00 (^#). Two generalized Lagrangians j£?i,j§?2 are said to 
be equivalent if (Jz?i — ^2)(/) = ^fi(/) — -%(/) is trivial. This is clearly an equivalence relation 
in the space of all generalized Lagrangians. If ^ is open in the compact-open topology and Jz? 
is a microlocal generalized Lagrangian of order r, its equivalence class S^f in the space of all 
microlocal generalized Lagrangians of order r is called an action functional of order r. 

Trivial generalized Lagrangians are thus called because they obviously have vanishing Euler- 
Lagrange derivatives of all orders whenever they are defined. Therefore, two equivalent general- 
ized Lagrangians have the same Euler-Lagrange derivatives. In particular, the action functional 
Sjf associated to a microlocal generalized Lagrangian _S? of finite order uniquely determines the 
Euler-Lagrange operator B(jSf). 

Let j£? be a trivial, microlocal generalized Lagrangian of finite order, such that _S? (/) is linear 
in the supporting function /. The reasoning preceding Definition 13.1.71 shows that £)_£?(/) [<p] 
can be written as 

D#(f)[<p] = Q[<p]Adf + d3(f)[<p] , 

where S(/)[y>] is a smooth (d— l)-form supported in supp/. Making / converge to xk as above 
shows that DJif(f)[(p](<p) converges to the integral of Q[ip] over dK alone. 

3.2. Normally hyperbolic Euler-Lagrange operators. Infinitesimal solvability and 
the Peierls bracket. As discussed in the Introduction, we are mainly interested in relativistic 
classical field theories. This means that the action functional determining the dynamics must 
give rise to Euler-Lagrange equations of motion which are hyperbolic. There are several different 
concepts of hyperbolicity for partial differential operators (see for instance [19]); the one we use 
is the notion of normal hyperbolicity, as defined for instance in [3] for linear partial differential 
operators. For later convenience (cf. the energy estimates in the second paper of the series), the 
discussion in the linear case takes place in the context of smooth sections of vector bundles. 

3.2.1. Definition. Let ir : § — >• j$ be a real vector bundle of rank D over the space-time 
manifold A linear partial differential operator of second order P : r°°(7r) — > r°°(7r) acting 
on r°°(7r) is said to be normally hyperbolic if its principal symbol p € F°° (V 2 T^ '<3 S" '(§> § — >• ^#), 
given by 

lim \~ 2 e- xf P(e xf 0)(x) = p(x, df(x))$(x) , 

A— >oo 

(/ € c -<g°°(Jt), e r°°(7r)) is of the form 

where g is a Lorentzian metric on «M ' . 

We remark that a linear partial differential operator P is normally hyperbolic if and only if 
P is regularly hyperbolic in the sense of Christodoulou |19] and has a scalar principal symbol. 
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Any second-order linear partial differential operator P : r°°(7r) — » r°°(7r) can be written in 
a coordinate-invariant fashion as follows. If we define iterated covariant derivatives of smooth 
sections of it with respect to some connection V (see Remark I2.2.ip , P assumes the form 



where A G F°° (7L# <g> £' ® S -> JK), B £ T°°(S" x S -> M) and p G Y°° {\/ 2 TJ? ® g 1 ® £ -> JK) 
is the principal symbol. We remark that, unlike A and B, p is independent of the choice of V. 

Before we continue, we introduce a strict partial order < and a partial order < in the space 
Lor°(^#) of continuous Lorentzian metrics on jfl , Let 51,52 £ Lor°(„#); we say that 



for all A G TL#. As usual, we write g\ > g 2 (resp. g\ ^92) if 52 < 9i (resp. 32 ^ 9i)- By 
continuity, 51 < 52 implies that 52 (A, A) < for all A such that g\ (A, A) < (the converse is not 
necessarily true). Both partial orders clearly enjoy the property that if gi < (72 (resp. gi < 52), 
then Oi <7i < (resp. fii^i < ^292) for all positive, real-valued continuous functions Qi,Qi 

on jfi '. In other words, < and < depend only on the conformal classes (hence, only on the causal 
structures) of 91 and 92- As shown by Lerner [32], the order topology on Lor°(^#) associated 
to < (i.e. the topology generated by the open intervals {g\g% < g < 92} as 91,92 run through 
Lor (./#)), called the interval topology on Lor°(^), coincides with the latter's relative graph 
(Whitney) topology. Moreover, Geroch has shown (Theorem 12, pp. 448-449 in [33]) that, given 
g globally hyperbolic, there is gi > g such that (72 is also globally hyperbolic. We shall use this 
fact to prove the following useful result: 

3.2.2. Lemma. The space of continuous, time- oriented and globally hyperbolic Lorentzian metrics 
on ^ is an open subset o/Lor°(^#) in the interval topology (hence also in the Whitney topology). 
Moreover, given any such metric gi, all g\ G Lor°(^) such that g\ < 32 are also globally 
hyperbolic and have the same time orientation as gi, and any Cauchy time function with respect 
to gi is also a Cauchy time function with respect to g\. 

Proof. Notice that if 91 < 92 and 92 is globally hyperbolic, then any Cauchy hypersurface in 
^ with respect to gi is also a Cauchy hypersurface with respect to gi, therefore g\ is globally 
hyperbolic as well. The results of Lerner and Geroch quoted above then imply that any globally 
hyperbolic g is contained in the open interval {g'\gi < g' < gi} for some pair 91,92 G Lor°(^#) 
such that 92 is also globally hyperbolic. By the above reasoning, any g' in this set is globally 
hyperbolic as well. In particular, if r is a Cauchy time function on ^# with respect to 92, then 
r is also a Cauchy time function with respect to any 91 ^ 92 _ notice that (|29[) implies that 
if the tangent vector A is spacelike with respect to 92, then it is also spacelike with respect to 
91; therefore dr is a timelike covector field with respect to 91, since it is normal to the tangent 
bundle of all level sets of r, whose elements must be all spacelike with respect to gi. Finally, if 
Ti — gl(dr) and Ti — g\{Ar), where g\ < gi are time oriented and r is a Cauchy time function 
with respect to g 2 , then gi(T u T 2 ) = dr(T 2 ) = gi(T 2 ,T 2 ) < and g 2 {T u T 2 ) = dr(Ti) = 



(28) 



Pip = p\7 2 + AVtp + B0 , 



(29) 



9i<92 if gi{X,X)<0 implies 52 (A,A)<0; 
9i < 92 if 9i (A, A) < implies 92 (A, A) < , 
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g\{Ti,Ti) < 0. In particular, if T\ is future directed with respect to g\, then it is also future 
directed with respect to gi. □ 

Lemma 13.2.21 and its proof obviously extend to smooth metrics. Let now P be a normally 
hyperbolic linear partial differential operator on r°°(7r). We assume the working hypothesis 
(NH 9 ) on P, given as follows: 

(NH 9 ) The Lorentzian metric g on M associated to the principal symbol p of P satisfies g < g. 

By the above discussion, all such g's are globally hyperbolic and have the same time orientation 
as g. Moreover, by Lemma \'S . 2 . 21 these implications of (NH 9 ) are stable under perturbations of g 
in the interval topology, a fact that will be useful in the nonlinear case. 

For P normally hyperbolic and satisfying (NH S ), one can prove the following fact, which is a 
restatement of results in [3] which can also be proven using the energy estimates in the second 
paper of this series. 

3.2.3. Theorem. Let (^,g) be a globally hyperbolic space-time, and $ — > jM be a real vector 
bundle of rank D over the space-time manifold j% , endowed with a connection V. We assume 
that TL/# is endowed with the Levi-Civita connection associated to the space-time metric g. Let 
P be a normally hyperbolic linear partial differential operator onY°°(T{) satisftying (NH S ). LetT, 
be a Cauchy hypersurface for (./#, g), with future directed timelike normal n £ T°°(T^^ — > 
(i.e. g{n,n) = —1 and g(n,X) = for all X £ TT,), suitably extended to an open neighborhood 
of £ in ^# (the exact form of the extension is irrelevant for what follows). Given ip £ L°°(7r), 
define 

(30) = fl E , 

(31) pf(<p) = (V n 0)| E • 

Then for every <f>Q,tpi £ L°°(7r|s) ; ip £ r°°(7r), there is a unique tp £ F°°(7r) such that 

P0=ljj , 



(32) 



f${0) = <?i > 3 = 0,1 • 



In other words, the map $ : F°°(7r) ->■ F°°(7r) © r°°(7r| s ) © r°°(7r| s ) given by 

(33) ^) = (Pp,p%(0),pf(0)) 

is a linear isomorphism. □ 

We stress that $ is even a topological linear isomorphism with respect to the standard Frechet 
space topology on spaces of smooth sections of vector bundles: continuity of tp is obvious, whereas 
continuity of its inverse follows from the energy estimates to appear in the second paper of this 
series. 

Let VP be the inverse of 4>. By the principle of superposition, one can write 

(34) o ,0j) = Kf'°0 a + tff'Vi + , 



ALGEBRAIC STRUCTURE OF CLASSICAL FIELD THEORY I 



27 



where Kp'^tpj, j = 0, 1 is the unique solution of the initial value problem 





\P0 


= , 


(35) | 




= , 




[pf(0) 


= & 



and Ap"0 is the unique solution of the initial value problem 





\P0 




(36) | 


| Po(<f) 


= 0, 






= . 



In the scalar case, there is the following refinement of Theorem 13.2.31 which is a restatement of 
Theorem 5.1.6 of |26] that, on its turn, tells us in great detail how supports and singularities 
propagate under the dynamics associated to P. 

3.2.4. Theorem. Assume the hypotheses and definitions of Theorem \ 3.2.3\ Suppose that S = 
Ji X (R and n(p,X) — pr x (p, A) = p for p G . // . A € R, identifying r°°(7r) with c € aa (Jt). Then 
Ap : c £°°{Ji) -> ^°°{^), Kp'° : <g°°(Y) -> and ifp' 1 : %?°°(E) -> < ^°°(^) safe/y tte 

following properties: 

(a) Continuity: is a (continuous) linear map which admits a continuous linear exten- 
sion to the space &{Y>) of distributions on E for j = 0,1, and Ap is a (continuous) 
linear map which admits a continuous linear extension to 

(37) ^e(^) = ^'(^)|WF(«) n 7V*£ = 0} , 

where WF(v) denotes the wave front set ofv and N*Y1 = {£ S Tj>/#|£(Ar) = for all X £ 
TE} denotes the conormal bundle of E. We remark that the continuous linear maps 
pS . ^ oc (^^^ < g' 00 (S) also admit a continuous linear extension to (.^) 3 u, satis- 
fying for j = 0,1 g§] 

(38) WF(^(b)) = {(x,£| TE ) G T*E|(z,0 G WF(,)} . 

(b) Propagation of supports: 

(39) supp (Kp'-'uj) C J + (supp ttj , g) U J~ (supp Uj , (?) C J + (supp Uj,g) U J~(supp Uj, 5) 
and 

(40) supp (Apu) G J + (supp v Ci J + (E, g), g) L) J~(supp vflJ"(S, , 

for all Uj G v G j = 0, 1. 

(c) Propagation of singularities: given any Uj G f^'(E), j = 0,1, we have that (x,£) G 
WF(_ftTp J Uj) i/ and on/j/ if there is A > and a tm/ZZ geodesic segment 7 : [0, A] — > ^# 

respect to g (i.e. g (7 (A), 7(A)) = /or a/Z A G [0, A]j smc/i that if 

m = {( 7 (0), g b ( 7 (0))), ( 7 (A),.9 b ( 7 (A)))} c Tt# 
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is the set of endpoints of the bicharacterstic strip {(7(A), g^ (7(A))) G l ".// A G [0,A]}, 
then (x',£'\t-e) G WF(uj) for some (x',£') G B| and (a;,£) G B|. Giuen any v G &-%{JC), 
we have that G WF(Apv) if and only if either G WF(u) or there is A > 

and a null geodesic segment 7 : [0, A] — » ^# respect to g such that 7(A) G" E /or aZZ 
A G (0, A) and such that WF(«) n S» ^ and (x, £) G 

/n particular, given any uq,u\ G f^'(E), u G ^(^#), we Ziaue t/iat Kp'^Uj and Apitj belong to 
^;(^#). We Ziaue £/ia£ u = Kp^Uj , j = 0, 1 is £/ie unique solution in S>^(^) of the initial value 
problem 







= . 


(41) | 


1 Pl_j(tt) 


= . 






= U 3 



and u — ApU is the unique solution in &! E {^) of the initial value problem 





(Pu 


= v 


(42) | 


| Po(v) 


= 




[pf(v) 


= 



□ 

We note that part (b) of Theorem 13.2.41 is actually stronger than that provided by Theorem 
5.1.6 of but it can also be derived from the energy estimates obtained in the second paper 
of this series. 

There are two particular cases of the initial value problem (|36p that deserve special attention: 

• supp %j) C / + (E,g) - In this case, Ap admits a unique linear extension to the space of 
smooth sections of $ with past compact support with respect to g 

T+(ir,g) = { ip G T°° M \ Wp G J( , J~ (p, g) l~l supp ip is compact} 

(43) _ 

= {ip G T°°(tt)\\/K C J% compact, J (K,g) PI supp?/; is compact} , 

which no longer depends on E. In this case we write Ap = Ap', calling it the retarded 
fundamental solution of P. 

• supp tp G I~(Ei,g) - In this case, Ap admits a unique linear extension to the space of 
smooth sections of S with future compact support with respect to g 

r^(n,g) — Up G r°°(7r)|Vp G .J?,J + (p,g) Dsupp^ is compact} 

(44) ^ ^ 

= {ijj G r°°(7r)|Vi ; C C ^# compact, J + (K,g) n suppV> is compact} , 

which no longer depends on E either. In this case we write Ap = A p dv , calling it the 
advanced fundamental solution of P. 

The difference A P = Ap*-Ap dv : r°°(7T, g)nT°?(ir,g) -> r°°(7r) is called the causal propagator 
of P. We obviously have the identity P o Ap = Ap o P = in the domain of Ap. 
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In the scalar case discussed in Theorem 13.2.41 Ap* (resp. Ap dv ) is defined on the space of 
smooth functions on ^ with past (resp. future) compact support with respect to g 

^+l-{JK,g) = {ip G ^°°(^#)|Vp e JK, J- /+ {p,g) nsuppV- is compact} 

(45) 

= {i/j S ^L^Vif C J( compact, J~ /+ (K,g) n supp "0 is compact} . 
Specializing Theorem 13.2.41 to these two cases yields the 

3.2.5. COROLLARY. Let the hypotheses and notation of Theorem \3.2.J\ he satisfied. Then Ap* 
and Ap dv satisfy the following properties: 

(a) Continuity: Ap* (resp. Ap dv ^) admits a continuous extension to the space of distributions 
on j£ with past ( resp. future ) compact support with respect to g 

^\i{J(,g) = {v e $>\JZ)\ip 6 .J?,J~ /+ (p,g) HsuppV' is compact} 

(46) ' 

= {ve 3>'{.Jt)\\IK C M compact, J- /+ (K,g) n supp v is compact} . 

(b) Propagation of supports: 

(47) supp (A r p ct/adv w) C J +/ - (supp v, g) C J +/ - (supp «, g) 

for all v £ @' + ,_{->#, g). 

(c) Propagation of singularities: Given any v £ S' + ^_(^,g), we have that 

(x,£) £ WF(Ap t ^ adv w) if and only if either (x, £) £ WF(u) or there is A > and a null 
geodesic segment"/ : [0, A] — > with respect to g such thatWF(v)nE^ ^ 0, (x,£) £ Si? 

We Ziaue that for all v £ $$' + g), u = Ap t ^ adv w is i/ie unique solution of Pu — v on j$ 
belonging to S>' + / _(^£ , g) . □ 

Corollarv l3 . 2 . 51 implies that the causal propagator Ap propagates singularities in the following 
fashion: since WF(u) C WF(Pw) U {(x,£) £ Tt# \ 0|ff~ 1 (a;)(^, = 0} for all u £ 9'{JK) (see 
for instance Proposition 5.1.1, page 113 of [26]), we conclude that, for all v £, (x, £) £ WF(Apv) 
if and only if 

3.2.6. Remark. It is easy to see that S$±(^,g) is the topological dual of the space 

(48) & T {A d T*^ -> ^f) = £ r°°(A d Tt# -> J()\3K C compact: suppw C J =F ( J ftT, 5 )} . 

The causal propagator Ap allows a covariant description of the space of solutions of Pu = 0, 
which is a strengthening of Lemma A. 3, page 227 of [35] ■ We state and prove the result only for 
scalar fields, but it actually holds for arbitrary vector bundles [3]: 

3.2.7. Lemma. Let u £ &'{^). Then Pu = if and only if u = A P v for some v £ 

such that suppw is both past and future compact. I/suppunS is compact for some (hence, any) 
Cauchy hypersurface, we can choose v such that supp v is compact. In both cases, we can choose 
v such that supp v is contained in a neighborhood of any prescribed Cauchy hypersurface £ for 
(M , g). Moreover, Apv — if and only if v = Pw for some w £ Si' '(^f) such that suppi/; is both 
past and future compact; i/suppttflS is compact for some (hence, any) Cauchy hypersurface, 
then supp w is compact. 
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Proof. Let E be any Cauchy hypersurface for (y$,g). By the results in [TJ, there is a Cauchy 
time function r in such that E = T _1 (i ) for some t £ R- We consider the following 

separate cases: 

(a) supp wflS non-compact: U\,U 2 C open such that U\ = t _1 ((— oo,to + e)) an d 
t/2 = r ((to — e, +00)) for some e > 0. Let {xi, X2} be a partition of unity subordinated 
to {Ui, U2}- We have that u = xiu+X2 m j an d hence P(xiu) = — -P(X2 U ) — v is supported 
inside T ((to — e, to + e)), whose closure is past and future compact. Since \i u has past 
compact support and xi u nas future compact support, we have that \\u — A r p t (P(xiu) 
and X2U = Ap dv (P(x 2 u)) = -A p dv (P(xiu)), whence it follows that u = A P (P(xiu)) = 
-Ap(P(x 2 u)) = A P v. 

(b) suppuHE compact: Vi,V 2l V 3 C Jt open such that Ui = I~(-RT]£, U 2 = I + {KC\Y,,g) 
and V3 = ^# \ ( J + (suppun £, g) U J~ (supp it PI E, g)), where K C E is a compact subset 
whose interior in E contains supp u R E, so that L/i R U 2 is compact. Let {xi^X^Xs} 
be a partition of unity subordinated to {Vi, V^, V3}. We have by Theorem 13.2.41 that 
U = Xi u + X2 11 an£ i hence P(x'i u ) = — P{x' 2 u ) = v is supported in the compact subset 
J~(K,g) n J + {K 1 g). Since x'i u nas P as t compact support and X2U has future compact 
support, we have that X [u = A P A (P{^ 1 u) and X 2 U = Af> dv (P(x2")) = -A^ dv (P(xiw)), 
whence it follows that u = Ap(P(x[u)) = — Ap(P(x 2 u)) = Apv. 

Finally, if v has past and future compact support, and Apv — 0, we clearly have that Ap*v = 
Ap dv i> = w has past and future compact support as well, whence v = Pw by Corollary 13.2.51 If 
in addition suppi; is compact, then w has compact support as well. □ 

We conclude with the following result: 

3.2.8. Proposition. Let A 1— > P\, A G (a, b), a < b G R be a smooth curve of normally hyperbolic 
linear partial differential operators on r°°(7r) satisfying (IMH g ), in the sense that P\ is such an 
operator for every A G (a, b) and A t— > (P\u)(f) is smooth for all u G &'{t{), f G r^°(<£" ® 



A d T*Jt -> JC). Then A h-> Kpf (j = 0, 1), A H> A^ , A H> A^' and A h-> Af, dv are smoot/i 
m i/ie sense i/iai A H> (K^u 3 )(f), A h-> (A^ «)(/), A h-> (A^u)(/) and A H> (Af, dv i;-)(/) 
are smooth for all Uj G f^'(E), j = 0, 1, v G S>^(^(), v ± G ^^_(^#, 5). Moreover, one has the 
following "resolvent-type" formulae: 



(50) 



(52) 



(51) 



(49) 




a adv p a ad' 




P A iT 



Pa ' 



where P\u 



ifc(P\u) for all u G @'{JZ). 
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Proof. The proof of the restrictions of (l4TJl) - (j5"2")) to smooth arguments will be performed in the 
second paper of this series. The general case then follows from Theorem 13.2.41 and Corollary 
ETXBI □ 

Let g' be a Lorentzian metric on j& , a priori unrelated to either the space-time metric g or 
the metric g associated to the principal symbol of a normally hyperbolic linear partial differential 
operator P. Given u £ T°°(/\ d Tt£ -> J(\ we define * g 'U e < ^°°(^#) as the unique smooth 
function on «4t such that 

(53) oj = (* g >oj)dfj, g > . 
Conversely, if <p G < ^' 00 (^#), we have that 

(54) <p = * g ,(<pdn g >) . 
The following result follows immediately from Theorem 13.2.41 

3.2.9. Lemma. Let g' be a Lorentzian metric on Jt and P : c tf 00 (^) —> c ^" x> {^) be a linear 
partial differential operator. Then P is formally self-adjoint with respect to the L 2 scalar product 
associated to dfj, g > if and only if the map ^°°(^') 3 ^> (P<p)dfi g i E L°° (A d TZ^ — > ^t) has 
a symmetric distribution kernel. Ln either fact holds (hence both), the distribution kernel of 
Ap v o is the adjoint of the distribution kernel of Ap* o * g > . □ 

The situation we have in mind is, of course, when Pip = * g / E' ' (J£)[ipo\ip, where J?f is a real- 
valued, microlocal generalized Lagrangian of first order on % C (^#) open in the compact- 
open topology. Generally, given a microlocal generalized Lagrangian ££ of order r on B(JSf) 
is a quasi-linear partial differential operator, that is, E(Jz?)[ip] is linear in the highest order 
derivatives of ip. Therefore, we say that the partial differential operator of second order E(J?) is 
normally hyperbolic on ^ if, for all tpo € W , P = * ff '-E'(Jz?)[v?o] is normally hyperbolic for some 
(hence any) Lorentzian metric g' on «4t . In this case, we denote the metric associated to the 
principal symbol of P defined as above by g^ — gs?[ipo], and write 



(55) K^&o]=K^ 0=0,1), 



(56) A%[cp ]=A^ 



(57) A^o]=A r F et °V , 

(58) A^ v N = Af o V . 

We remark that different choices of g' affect g^ only by a ^-independent conformal factor - in 
particular, the causal structure of g^ is independent of g' . 

3.2.10. Remark. Let us display a sufficiently nontrivial example of a microlocal generalized 
Lagrangian with normally hyperbolic Euler-Lagrange operator. For instance, 

(59) &(f)(<p) = -\[ f[g-Hty,ty) + ft + V?)9-Hty,*<P) 2 ]*lh, e >°- 
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The Euler-Lagrange operator of Jzf is given by 
(60) 



(l + e(l + ^ 2 )^ 1 (d^d^))n^ + e(2VV(3*(d^),c;"(d^))- 7T .g- 1 (d^d^)^) 



n g <p = g- 1 (W 2 <p) , 

whose linearization around tpo is given by 

E'{X)[ VO ]0 = [(1 + e(l + V l)g-\d m A^)W+ 2eVV(5 tt (d^),3 S (d^o)) 

1 



2e 



(61) 



(1 + ifftjQgipo - -ifio ) g-^dtpcdip) + 2VVo(5 B (d^o),5 S (d<^)) 



+eg (dipo, d(f ) 2D g ip - - ) (p 



1 



dflg 



where A(p) = A(g(p), <p (p), V<po(p), V 2 <p (p)) and B = B(g(p),ip () {p),Vipo{p),V 2 ipo(p)) for all 
p £ ' . The principal symbol of P = * g E'(^f)[(po] reads 

g^[i Po }(g\X 1 ),g\X 2 )) = (1 + e(l + ^^(d^o, d Vo ))g{X u X 2 ) 



(62) 



2e(Vx 1 ^o)(Vx 2 <Po) , 



whence we conclude that 

g^[<p }{g\X),g\X)) > & (1 + e(l + ^^(d^o, d^M*,*) > -2e(V^ ) 2 , 

(63) g^[p ]{g\X),g\X)) = ^ (1 + e(l + ^^(dpo, d<p ))g(X, X) = -2e(V x <p Q ) 2 , 
g^[cp }(g b (X),g b (X)) < « (1 + e(l + ^^(d^o, d^oM*, *) < -2e(V x ^o) 2 • 

We consider the following three possibilities: 

, 1 

(64) g '(d^.d^) > 

(65) g~ 1 (dip ,dcp ) = 

(66) -1 (cfy>o,d<po) < 

Inequalities (j64|) and (l66)l define open subsets of < ^'° (./#) in the Whitney topology. In case (l64l 
holds, we have that £^ fco] PQ , b (X)) < implies c?(X,X) < and g^-[(p Q ](g l (X),g b (X)) = 
implies g (X, X) < 0, whereas g^}{ipo](g^(X),g b (X)) > does not constrain the causal character 
of X with respect to g. In case (|55|) holds, we have that [ipo](g b (X), g (Y)) = for all tangent 
vectors Y if X satisfies Vxfo — (hence g^[tpo] becomes degenerate); moreover, g^ [ifo] cannot 
have any timelike covectors. In case (j6"6")l holds, we have that g^[(po](g b (X) , g b (X)) < implies 
g(X,X) > 0&ndg^ 1 [( Po ](g b (X),g b (X)) = implies g(X, X) > 0, whereas g^-[ip ](g b (X), g b (X)) > 



2e(l + 


¥>§) 


1 




2e(l + 




1 




2e(l + 


¥>§) 
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(67) 
(68) 
(69) 



g~ 1 (d(p ,d(p ) > 
g^ 1 (d(p Q ,d(po) = 
g~ 1 (d<p ,dtpo) < 



2e(l + 




1 




2e(l + 




1 





g~g r[(po] degenerate 
-9&[pa] < 9 ■ 



2e(l + <p*) 

In other words, crossing the boundary g~ 1 (d(po, d<po) = — , ^ causes g^VpoVs signature to 
change sign, partitioning c ^' ca (^) into two Whitney-open, disjoint "domains of hyperbolicity" 
separated by the boundary g~ 1 (d<^o ) d^o) — — 2£ (i+ y ^) • The presence of this boundary is linked 
to the lifespan of solutions of E(^f)[<p] = 0; indeed, the "sharp continuation principle" of Majda 
(Theorem 2.2, pp. 31-32 in [55j ) implies that, at least when , g) is the Minkowski space-time, 
if a solution <p to E(^f)[ip] — with given Cauchy data at £ = t _1 (0) blows up in c €°°{^^) 
as r(p) — > t* > but the second-order jet prolongation of <p is bounded in K n r~ 1 ([0,i*)) for 
any compact subset K C then we must have that g~ 1 (dip(p) 1 dip(p)) + 2 e(i+y a (p)) 
0, where r is a Cauchy time function on , g). We stress that it is not hard to provide 
examples of ipo which fall into either (|67l) or (l69|) - for ([67)) to hold, it suffices to choose (fio with 
everywhere spacelike gradient; as for (|6"9")l . any Cauchy time function ipo — r on g) satisfying 
<7 _1 (dT, dr) < — (2e) _1 does the trick, and any globally hyperbolic space-time admit such Cauchy 
time functions [6 lj . On the other hand, this is a typical "large data" phenomenon, specially if e 
is small. Since the nonlinear terms of E(J£)[ip] vanish to third order at ip = 0, one can show, 
at least when (^f,g) is the Minkowski space-time, that E(J£)[(p] = has unique, global smooth 
solutions for sufficiently small Cauchy data [JTJ EI] • 



Motivated by formula (TJJ) in Remark [2.3.91 we write for each ^ e ^°°(E), j = 0, 1, w € 



(70) 
(71) 
(72) 



(73) 



D k A%[(p Q ](if 1 ,...,if k )uj 
^ fc A^M(^i,...,^)^ + 



9Ai 


■■■d\ k 




Qk 




■ ■ ■ d\ k 




Qk 


<9Ai 


■ ■ ■ dX k 




Qk 



dXi ■ ■ ■ dX k 



K 



=A fc =0 



Ai = ---=A fc =0 



A* 



=A fc =0 



2=1 

k 

<Po + ^2 Xm 

1=1 

k 

^° + 2J Ai< ^ 

2=1 



Ai=-=A fc =0 



A^ v 
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Combining Proposition 13.2.31 with the chain rule (|100l) yields for each ipj £ ^ , °°(S), j = 0,1, 
uj e r°°(A d T^£ -> Jt), w ± e rg>(A d Tt# ->• that 

(74) DK^famJj = -^%[^]D 2 E{^)[p ]{K^^^) , 

(75) DA^fa,]^" = -A|[^ ]Z? 2 i?(if)[^o](A^,^) , 

(76) DA3% ](^ + = -A$[<p ]D 2 E(J?)[cp ](A$u;+,<?) , 

(77) DA^b ](p>- = -A^> p 2 £(J?)[H(A^ v u,-, 0) , 

whence it follows together with Faa di Bruno's formula (|104[) . Theorem 13.2.41 and Proposition 
[3231 that 



D K K 



D k A s 

(78) 

D A Tet 



E 
S£ 

:et 

D k A^ v 



% x (^°°(^)) fe x #(E) -> = 0, 1) , 

-ar x (tf°°(^r)) k x ^(A d Tt# -»• ^r) -»• ^ E M0 , 

* x {'g 00 {JZ)) k x ®'+{K d T*J( -> -> S^(^T) and 

# x (^°°(^)) fe x ®'_{A d T*J? -> Jl,g) -> 



exist and are jointly continuous for all > 1, where 

^(A d Tl# -)!) = {«£ <2>\f\ d Tl£ -> ^r)|WF(u) n iV*£ = 0} , 
^±(A d Tt# -» jK,g) = {u e <2>\l\ d T*Jt Jt)\3K C ^ compact: 

(if) n supp it compact} . 

3.2.11. Definition. Let °l/ c < ^ ;oo (^) be open in the compact-open topology, F,G e ^i oc {~^, 
The retarded and advanced products R^{F 1 G) 1 A&(F,G) with respect to _§? are functionals re- 
spectively given by 

(79) Rx(F,G)(<P) = (FW[ip},A$[<p}GW[<p}) 

and 

AMF,G)(<P) = (FW[<p],A&[<p]GW[<p] 



(80) 

= R*(G,F)fo>) . 

Their difference 

(81) {F, G}^f = R^(F,G) -Asr{F,G) = R*{F,G) - R*(G,F) 

is called the Peierls bracket of F with G with respect to Jz? . 



By Lemma 13.2.91 the Peierls bracket is antisymmetric in its entries, becoming an obvious 
candidate for a Poisson bracket. Let us prove some basic properties of R.s? (-,-), A_jf(-,-) and 
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3.2.12. PROPOSITION. Let W,F,G as in Definition EOHH Then Rj?(F,G), A^(F : G) and 
{F,G}^> are smooth and satisfy the support properties 

(82) supp R<?(F, G) C J+(su P p F, g) n J~ (supp G, g) , 

(83) supp A^{F,G) C J + (supp G,g) n J~ (supp F, g) , 

supp {F, G}jjf C ( J+(supp F, g) U J" (supp F, g)) 

(84) n(J+(sup P G, 5 )U J-(su P pG, 3 )) . 

Proof. Notice that A^*^] and A^ v [(/j] depend on the background field configuration p only so 
far as the coefficients of E'(j2?)[p] depend on p. Therefore, by part (b) of Theorem 13.2.41 for 
all uj 6 r^°(A d Tt# — > ^K) any modification of <p outside J + (supp/, g) (resp. J~(supp /, g)) 
leaves A r ^[p}f (resp. A^, v [p]f) unaltered. Since A v p[p] is the formal adjoint of A^ v [p], the 
above reasoning together with part (b) of Theorem 13.2.41 imply that A^? [<p] and A^ v [<p] have 
the desired support properties. Now we are only left with proving that R%>(F, G) is a smooth 
functional, since the proof of the corresponding statement for A %> (F, G) will be analogous and 
both together imply the corresponding result for {F,G}s?. This, however, follows from formulae 
(|5ip and ([52"]) in Proposition 13.2.81 together with Leibniz's rule (|101[) and Faa di Bruno's formula 
(|104p . which give us that 

D k R^(F,G)[p}(p u ...,p> k ) = J2 F lW+1) [<PK(®heJi0h) 

{Jl,J2,J S }CP k 

®^ |j2| A^M((®^ e ./ 2 ^ 2 )®G(l J3 l + 1 )M(^3 eJ 3^3))) , 

D k A s *(F,GM(< Pl ,...,v k ) = J2 F W+1) [<PK{®iieJi0ji) 

{Jl,J2,J 3 }CP k 

where P k is set of all partitions of the set {1, . . . , k}. The proof is complete. □ 

By part (c) of Theorem EJH R^(F,G), A^(F,G) and {F,G}j? are actually defined for any 
pair of smooth functionals F, G with compact space-time support such that WF(F' 1 ' [^j]) and 
WF(GW[^]) do not contain any causal covectors with respect to g for all ip G ^ , provided that 
g<£ [ip] < g for all such p. This motivates the following 

3.2.13. Definition. Let (^#, g) be a globally hyperbolic space-time. Define for all k > 1 the 
open subsets T k , g C T*^ k \ as follows: 

T M = {((si,... , a*), (&,•■•, 6)) £Tt# fe \0| 



(86) 



& 

(fi, . . . , £k) £ V + g {xi, . . . , x k ) U F_ i9 (xi, . . . , x k )} 

k 



V ±! g(Xl,...,X k ) = Y[V±,g(x j ) , 



V^ iS (x) = 7 ± (0,g- 1 (x)) c T*Ji ,xeJ(. 

Let now ^ C < ^' 0O (^#) be open in the compact-open topology. We say that a smooth functional 
F with compact space-time support is microcausal with respect to g if WF(F' fc ' [ip]) C Tfc i9 for 
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all ip G % , k > 1. The space of all microcausal functional in °i/ with respect to g is denoted by 

We obviously have that &q{^V , C ,g),*W). A much more interesting inclusion is 

given by the following 

3.2.14. PROPOSITION. Let ^ C < ^ , °°(^#) be open in the compact-open topology, F G .-^>ioc(^, 
ThenMVF(F (k ^[ip}) _L TA h {Jf) for all tp G ^, fc > 2. In particular, & ^{Jt C &((J? ,g),W) 

Proof. Let ip E & ■ For all fe > 2, F^[p} is the kernel of a (fe — l)-linear, (fe — l)-differential 
operator taking values in the vector bundle of C-valued d-forms, as shown by Propositions 12 . 3. TT1 
and 12.3.121 That is, if <p u . . ., p k - 2 e < ^ >oc (.-#), then tpi,..., <Pk-i) can be thought of 

locally in ^ as a sum of products of d-form- valued linear partial differential operators acting on 
Pk-i multiplied by a product of derivatives of (p*j for all 1 < j < fe — 2. This means that i* 1 *^^] 
can be written locally as a finite sum of derivatives of the Dirac kernel 5k in ^# fe , defined by 

multiplied by smooth d-forms on Since £)£ is simply the pullback by the inclusion Afc(^#) 
.# fe , the assertion follows from Theorem 8.2.4, pp. 263-265 of (39]. □ 

Proposition ^ . 2 . 141 justifies the term "microlocal" for designating the elements of ^fd oc (~^, 
establishing the link with the notion of local functional employed in [TJ]. Moreover, we have the 
following strengthening of Proposition 13.2.121 which is crucial to this whole Subsection and 
justifies the christening "microcausal" given to the elements of J^((^#, g), ^). 

3.2.15. Proposition. Let ^Jzf be as in Proposition \MJM F,G G &{{Ji( ,g),<%). Then 
Ry(F,G), A%>(F,G) and {F,G}^ also belong to ^~((^,g),$f), and possess respectively the 
support properties (|82p , (|83p and (|84p . 

Proof. The proof of (|82[) , (|53"|) and ([54"| carries through ipsis Uteris as in the case that F and G are 
microlocal. Moreover, Faa di Bruno's formula (|104p together with formulae (f5"Tj) - (f52"|) of Proposi- 
tion GEHEI D k Rj?(F, G), D k As?(F, G) and D k {F, G} % remain well defined for F, G microcausal 
and all fe > 1. All that remains is to check that WF(D k Rj? (F, G)[<p]), WF(D fc Ay (F, G)[ip\) C 
Tk, g for all k > 1. This, however, follows from successive applications of Theorem 8.2.13, pp. 
268-269 of [3§]. The proof is complete. □ 

There is a pair of very important relations among R_$? (•, •), A_s? (•, •) and {•, , from which a 
number of key properties of the Peierls bracket follow. 

3.2.16. Lemma. For any microcausal functionals F,G,H it holds that 

{Aj?(H, F), G}^ + {F, Aj?(H, G)}^ - A<?(H, {F, G}^) 
(87) = {Rj?(H, F), G}s? + {F, M#, G)}je - {F, G}^) 

= (A a J v F^ , A^G (1) ) - H W (A r pF^ , A^ V G (1) ) . 
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Proof. We will prove only the second identity, the first follows from an analogous calculation. 
First we need a couple of auxiliary formulae for the functional derivatives of R^ (F, G) and 
{F,G}se along tp e c £°°(*df), F,G fixed microcausal functionals. From the chain rule (|100[) 
together with formulae (| 51 II -(152 ]) of Proposition 13.2.81 we obtain 

{DRx (F, G),<p) = F^ ( A^G (1) , <p) + G (2) (AJgi v F« , 0) - (f« , A^D 2 E{5£) (A^G (1) , 0)) 

and 

[{F t G}<$,$) = (DRj?(F,G)-DRj?(G,F),0) 

F (2 \Aj?G (1 \<p) -GW(Aj?FW,0) - (f {1 \A^D 2 E{^){A^G {1 \0)\ 
, G {1 \A 1 pD 2 E(£')(A 1 pF {1 \0)) 
With these formulae at hand, we have that 

{Rj?(H,F),G}j? = (R^ff.fOW AjrGW) = A^G«) 

+ F (2) (A^ v iJ (1) ,A^G (1) ) - /jJ^^A^D^^CA^F^.A^G^))' 
{F,R^(ff,G0}^ = -{^se(H,G),F}sf = -H^(A T pG^,A^F^) 

- G i2 \A a J, v H (1 \A^F^) + (H^\A^D 2 E{^)(A^G (1 \A^F^ 

and 

Rx(H,{F,G}x) = (A^ v ffW,{F,G}W) =F( 2 )(A^G«,A^ffW) 

-G^(A^FW,A^ v ffW) - /FW.A^X^^JSfJfASfGW.A^ffW)] 
'g (1 \ AJg* oZ^F^XA^F^^A^ffW)^ 

Summing the first two formulae and subtracting the third, we get 
{R*{H, F), G}^ + {F, Rse(H, G)}j? - R^{H, {F, G}^) 

= H^ 2 \A^F {1 \ A^ V G (1) ) - H^{A^F {1 \ A£*G (1) ) 
|A^ v i/ (1) , D 2 J B(«^)(A^ t F (1) , A^ V G (1) ) 
| A^ v ff « , D 2 E{£>) ( A£* G (1) , A^ V F( 1} ) 
| A^ V F (1) , D 2 E{^) ( A^*G (1) , A^ v ff (1) ) 

'a^g^^f^xa^fW, A^ v #W)\ . 

The conclusion follows from the fact that (0i, D 2 E(^f)[(p](02, fy)) — D 3 ^f(l)[0\(0i, 02, 03) is 
completely symmetric with respect to its linear arguments and hence the last four terms in the 
right hand side of the last formula cancel among each other. □ 

We remark that the key fact leading to (|57|) is that D 3 Jzf (1) is totally symmetric in its linear 
arguments. This, on its turn, is of course linked to the flatness of the ultralocal connection D 
defines in Subsection 12.21 which guarantees that the causal propagator for E'(Jzf)[0\ at each 
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ip defines a tensor, and ([57)) has a coordinate independent meaning at the functional level. We 
remark, however, that A_j? is not defined on the whole of A 2 T*'rf co {.d) , but only in the subbundle 
tf°°{J() x A 2 {3/' + g (A d T*Jf -> .#) n @'_ f g{A d T*J( -> J£)). 
An immediate consequence of the first identity in (|87p is: 



3.2.17. COROLLARY. The Peierls bracket F,G h-> {F, G}^f defines a Lie bracket on ,P((^,g), fy) 
for any globally hyperbolic metric g on ^# sitc/l g > 9&[<p\ f or all ip <E & . 

Proof. {•, •} jgf is clearly bilinear. Antisymmetry of {•, follows from the argument right after 
Definition 13.2.111 All that is left to us is to prove that the Jacobi identity holds, that is, 



{F, {G, H}^}x + {G, {H, F}j?}^ + {H, {F, G}^}s£ = . 
This follows from the first identity in ([57)) . □ 

We shall prove in Section 0] that <?), ^) is closed under products and that the Peierls 

bracket satisfies Leibniz's rule (Theorem 14.0. 21| ). In other words, g), ^ ) becomes a 

Poisson algebra when endowed with the Peierls bracket associated to Jz? . 

4. First structural results 

With the body of results of Sections [5] and [3] at hand, we can start a detailed and motivated 
discussion of the mathematical structures underlying our approach. 

We can endow &((*4H, <?), ^) with a topology which, despite being quite weak, accommodates 
rather well our algebraic operations. The weakest possible choice is the topology of pointwise 
convergence of functionals and their derivatives of all orders, which is the locally convex topology 
on ^((^#, g), induced by the separating system of seminorms 

F^ \FW[<p](0 u ...,0 k )\ , tpe<&, ^...^€H/),^y . 

Equivalently, this topology is the initial locally convex topology on g),^) induced by 

the linear maps 

/ x {F(<p)eC (k = 0) 

(89) F i-> < V , ip g ^ , 

[F^[(p] e S\A kd T*Ji k -4 Jt) {k > 1) 

where the space S\A kd TVM k — > of d- form- valued distributions of compact support on 
is the topological dual of < ta°°(^' k ). This choice, however, ignores the extra information on the 
wave front sets of F^ [if] which enters Definition 13.2.131 for microcausal functionals. A more 
natural choice is to replace the spaces of general, compactly supported distribution densities in 
([59")) for each k > 1 by the following subspaces: 

(90) £{ kg {A kd T*Jt k -> Jt k ) = {u G £'{A kd T*^ k -> ^ k )\WF(u) C T fc , 9 } . 

These, however, are not standard spaces of compactly supported distributions with wave front 
sets within a prescribed (closed) cone, for Tk, g as defined in ([55)) is an open conic subset of T*^ k \ 
0. Therefore, one cannot immediately endow <?y fc (A kd Tt^ k — > ^ k ) with the Hormander 
topology (see, for instance, Section 8.2 of |3S])- It is possible, on the other hand, to define 
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ff Tfc (A T*^f — > as an inductive limit of an increasing sequence of spaces of compactly 

supported distributions with wave front sets contained in an increasing sequence of closed conic 
subsets of Tt/# fc s 0, each of these spaces being endowed with the Hormander topology. The key 
result which allows us to do this is the following 

4.0.18. Lemma. For each k — 1,2,... there is a countable family {I\ m } me w of closed conic 
subsets of TZ^ k such that Tk : m C Tfc.m+i and U^ =0 -Tfc.m = f fe,g is given by (|86p . 

Proof. Let uj be a future directed timelike covector field in (^#, g) and e > such that g e = 
g — eu ® u is a Lorentzian metric. We have that g < g e i < g t and hence V± i9e (x) D V± j3 , (x) for 
all < e' < e, x € M. Let now (e m ) m6 iM be a sequence of positive real numbers such that eo = e, 
e m +i < £m and e m "5—1° q. We conclude that, for all x S 

C(F +)ff (x)uF_, s (x))= ( Q C(F + , flem (x)UF_, 9em (x))J \{0} 

\m=0 / 

= ( U C ( V +^J x )UV-, gem (x))^{0}\ . 

Vm=0 / 

The above argument settles the case k = 1. For fc > 1, we can write C(V" + „(xi, . . . , x&) U 

^ IF 

y_ g (xi, • ■ • 5 Xfc)) as a union of subsets of the form SI = Yij=i Wj, such that the possibilities for 
SI fall in exactly one of the following three categories: 

(a) Wj = C(V+, s (xj) U V- } g(xj)) for at least one j, and all Wf's which are not of this form 
are of the form W r = V+, g {x r ) U V- g (x f ). There are £*'=i (£) = 2 fe - 1 such Si's. 

(b) For all j = l,...,fc, we have either Wj = V +t9 {xj) \ {0} or Wj = V- >g (Xj) \ {0}, 
and there is at least one pair C {1, . . . , k}, such that Wj — V+, g (xj) \ {0} and 
Wj' = V-, g (xji) \ {0}. There are Yl~=i it) = ^ ~ 2 such ( we remark that this 
number is zero for k = 1). 

(c) Wj = {0} for at least one j, all Wjt's which are not of this form are either of the form 
Wj' = V+.g(xji) \ {0} or Wj' — V- >g (xj') \ {0}, and there is at least one pair C 
{j = 1, . . . , k\Wj ^ {0}} such that Wj' = V + , g (xj') \ {0} and Wj" = V-, g {x 5 ») \ {0}. 
There are 



fe-2 

E( 2 



fe-fe' 



3 fe 
2* 



1 

2^ 



2k 
2k 



2(2 k 



k) 



3 k - 3 • 2 k 



such Si's (we remark that this number is zero for k = 1,2). 
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Let us enumerate the 3 fe — 2 k subsets f2 listed above, so that the first 2 k — 1 ones are of type (a), 
and the remaining ones are of types (b) and (c): 

3 k -2 k 



C(V+ >g (a;i,...,a;fc)U^ i9 (a;i,...,arfe))= (J fl t 



1=1 

/ 2 k -l \ (z k -2 k 

U fl 'HU fl 

1 = 1 j \ l=2 k 
k 

ni = n w i,i ■ 

3 = 1 



Let now I < 2 k . We can write fi; as the countable union of an increasing sequence of closed conic 



subsets of TT „ ,JK k \ 



where 



oo k 
m— j— 1 



C(F+, 9em (x,-) U V_, 9em (x,)) x {0} if W^, , = Z(V +>g ( Xj ) U V-,^-)) , 



If Z > 2 fc , 0; is already a closed conic subset of T* xi Xk )^ k x ^. Finally define 

/V-i \ Iz k -2 k 
Tk, m {xi,...,x k ) = (J ft;, TO U (J ; 



Z=2 fc 



By construction, r^ m (xi, . . . , Xk) is a closed conic subset of T^ Xi Xk yJ? k \0, rfc iTO (xi, ...,Xk) C 
rfc, m+ i(xi, . . . ,x fc ) and 



C(V r +)g (a;i, . . .,Xk) U F_ >9 (a;i, . . . ,x fc )) = (J r feiTO (xi, ...,x k ) 

m=0 



for all (x\, . . . ,Xk) G ^# fc - Taking Ffe iTO as the disjoint union of the r^ m (xi, . . . ,Xfc)'s for all 
(xi,...,Xk) G ^ k gives the thesis. □ 

4.0.19. COROLLARY. One can write £{ h g {l\ kd T*Jt k -> JZ k ) for all k = 1, 2, . . . as ifte countable 
inductive limit 

(91) S^ k J^ k , A kd TUe k ) = lim 4 fc m {l\ kd T*Jt k 

o/ */ie spaces <^ m (A fcd T*^f fc -> ^ fc ). Le£ <?| k {h kd T*£ k -> 6e endowed with the locally 

convex inductive limit topology induced by the Hormander topology on each £L m (A T*^f — > 
Jif k ) for all k = 1,2, . . .; then (A kd T*J? k -> ^ fc ) is nuclear for all such k. 
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Proof. By Lemma USUI one has the inclusions S^ h m (A kd T*J( k -> Jt k ) C S{. , (A kd T*J( k -> 
./# ) for all m < m'. Since, given any closed conic subset T C T*£ k \ 0, one can construct 
u G g^{A kd T*Jt k -> JZ h ) with WF(u) = T (Theorem 8.1.4, pp. 255-256 of [3S]), the above 
set inclusion is proper for all m < m! . For the last statement, we recall that, for any given 
non-void, closed conic subset V of the cotangent bundle minus the range of its zero section, the 
Hormander topology on is the initial topology induced by the linear maps u h4 u(f) G C 
and u i ^ Pu G where / runs through all smooth functions and P runs through all properly 
supported pseudodifferential operators of order zero with CharP D T, where the characteristic 
set CharP of P is the zero set of the principal symbol of P away from the range of the zero 
section gU]. Therefore, the above inductive limit topology on <§^ k m (A kd Tt£ k -> Jt k ) is strictly 
finer than the topology induced from <§\A kd T*J( k — > M k ). Since the latter is Hausdorff, we 
conclude that the former is also Hausdorff. Moreover, since C is finite-dimensional and is 
nuclear, it follows from the permanence of nuclearity for initial topologies (Proposition 5.2.3, pp. 
92 of [53]) that is nuclear as well. By Proposition 4.2.1, pp. 76 of [43J together with Theorems 
5.1.1, pp. 85 and 5.2.2, pp. 91-92 of [M], any Hausdorff countable inductive limit of nuclear 
locally convex spaces is nuclear. Therefore, Sy k (A kd T*/M k — > ^ k ) must be nuclear for all k, 
as claimed. □ 

4.0.20. Remark (Stefan Waldmann, personal communication). We remark that the inclusion 

4 fc m (A kd Tl£ k ^.Jt k )<Z S^ k m+i {A kd T*JZ k ->• .£ k ) 

although being a proper injection, is not a topological embedding. The reason is the follow- 
ing: the space T^(A kd T*^ k — \ Jt k ) of test densities is dense in the Hormander topology 
of S{, km (A kd Tt£ k -> J( k ) for all m G N. Since by Theorem 8.1.4 of [39] one can find 

Um e S T km +S^ kdTV ^ k ~^ -^ k ) wllich does not belon S to s v k m (A ferf Tt# fe -> Jt k ), there is 
a sequence (v njn G (A kd Tl<£ k — > ^ k )) n ^ converging to u m in the Hormander topology 
of 4 fc m+i (A kd Ttd k -> J( k ). If g£ h m {A kd Tt£ k -> JZ k ) were a closed subspace in this topol- 
ogy, then u m would have to be an element of this subspace, which is false by assumption. In 
fact, even more is true: since T^(A kd TlJ^ k — > ^ k ) is dense in the Hormander topology of 
#^ m+i (A fed Tt# fe -> .£ k ), so is S^ km {A kd T*^ k -> J( k ). Hence, the inductive limit flST) can- 
not be a strict one. 

From now on we tacitly assume that <? Tfc (A Tt# fe — > ^ k ) is endowed with the topology 
defined in Corollary 14.0.191 for all k. Once this is done, we may proceed to proving the main 
result of this Subsection. 

4.0.21. Theorem. Let C c i° c (^£) be open in the compact-open topology, and let &((Jt, g),&) 
be endowed with the initial topology induced by the linear maps 

(92) F h. F((p) G C , 

(93) F^F^[ip] G 4 fc g (A kd Tt£ k .J( k ) ,k = 1,2,... , 

loii/i 93 running through all elements of *% . Then ^"((^,5),^) is a nuclear locally convex *- 
algebra, which becomes even a nuclear locally convex Poisson *-algebra when endowed with the 
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Peierls bracket associated to a microlocal generalized Lagrangian of first order on °k with normally 
hyperbolic Euler-Lagrange operator. As a consequence, the Poisson *-subalgebra ^o(^#, and 
the self-adjoint linear subspace ^ M i oc (^, ^) are also nuclear locally convex when endowed with 
the relative topology. 

Proof. That ,^"((^#, g), % ) is a nuclear locally convex space, it follows from the permanence 
of nuclearity for initial topologies (Proposition 5.2.3, pp. 92 of [M]) together with Corollary 
14.0.191 Involution is obviously well-defined, continuous and commutes with the Peierls bracket; 
Proposition 13 . 2 . 151 and Corollary 13 . 2 . 141 show that the Peierls bracket {•,•}& associated to _Sf is 
a Lie bracket on .F((.df, g), 'W ). Continuity of the Peierls bracket with respect to the topology 
of JF((^, g), follows from Corollarv l3.1.4l together with the energy estimates proven in the 
second paper of this series. It remains to check that J?((^#, g), is closed under products and 
that this operation is continuous - Leibniz's rule for {•, 

(94) {F i GH}sr = {F,G}xH + G{F,H} s . 

will then follow from Leibniz's rule (|101j) for functional derivatives of pointwise products of 
functionals (see also the discussion right after Theorem 14.0. 22[) . 

Take f,Ge &((JK, g), W), and consider their pointwise product (F ■ G)(cp) = F((f)G(tp). 
Now, by Leibniz's rule for derivatives of order k, 

(F>G) w [<pm,---,0k) 
k 

= X! i;i(fe_0 M^ 7r ( i )'---'^( fc -o) G ' (0 M(^(fc-i+i):--- I ^(fe)) , 

TTG^fc 1 = 

where SP^ is the group of permutations of k elements. By Theorem 8.2.9, pp. 267 of [39] , the 
wave front set of each distribution appearing in the above sum is given by 

WF(F^[(p]»G^[(p]) C WF(F< fc-, > fo>]) x WF(G (!) M) 

U (wF(F^[ip}) x (supp(G«M) x {0})) 

U ((suppF( fe -^]) x {0}) x WF(G (I) [<?])) . 

By direct inspection the right-hand side in included in the open set Tfc 9 , as it should. The 
wave front set of (F ■ G)^[tp\ is clearly contained in the union of all the wave front sets of 
the components, which satisfies again the requested bound by the closedness of the wave front 
sets. Continuity of the product then follows from Schwartz's kernel theorem [43 applied to 
the nuclear locally convex spaces Sy k (A Tt# — > ^ k ). The last claims follow immediately 
from the permanence of nuclearity under taking linear subspaces (Proposition 5.1.1, pp. 85 of 
» □ 

Actually, one can strengthen Theorem 14.0.211 considerably : 

4.0.22. Theorem (Smooth functional calculus). Given Fi,...,F n e &{{Jt, g), let V C 
R 2n = C™ be an open set containing the range of (F±, . . . , F n ), and let ip : V — > C be a smooth 
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map. Then ip o (Fx, . . . , F n ) G &((M, g), Hf) with supp (ip o (Fx, . . . , F n ) C U" =1 supp Fj, and 
composition with any such ip is continuous. 

Proof. Smoothness oiipo (Fi, . . . , F n ) follows from Faa di Bruno's formula (|104|) . The validity of 
the aforementioned support property follows from an argument similar to that used in the proof 
of Lemma 12.3.31 for products (i.e. ip(z\,z-i) = Z\Z2), so we are only left with proving that the 
wave front set of the functional derivative of ip o (F%, . . . , F n ) of order k is contained in Tk,g for 
all k > 1. This fact and the continuity of composition with ip then follow from Faa di Bruno's 
formula (|104|) together with an argument similar to that used for products in Theorem l4. 0.211 □ 

In particular, ^((^K , g),^) is a ff°°-ring [50]. To our knowledge, this is the first non-trivial 
example in which such a structure appears in applications outside pure mathematics. Moreover, 
the Peierls bracket acts as a -derivation on JF((^#, g),^), that is, if ip, F\, . . , , F n are as in 
Theorem and G e ,g),W), then 

(95) 

n 

{iP(F 1 ,... 7 F n ),G}j?=Yl 

3=1 

The above formula follows immediately from the chain rule (jlOOp and yields Leibniz's rule for 
the Peierls bracket ("IS c.l special case. 

A consequence of Theorem 14.0.221 is that the topology of ,^"((»#, g), °k ) given in Corollary 
14.0.191 is not sequentially complete. To see this, let F : 9/ 3 <p i-> F(t^) = J^,(puj, where cj is 
a smooth real-valued d-form of compact support in Let (f n ) be a sequence of even smooth 
functions /„ : R — > [0, 1] supported in [—2, 2] which converges pointwise to the characteristic 
function X[-i,i] °f [ — 1) 1] an d whose derivatives of all orders converge pointwise to zero (e.g. 
take/nflasl) = 1 for \x\ < l + (4n)- 1 and /„(|a;|) = for \x\ > l + (2n)- 1 ). Defining F n = f n oF 
gives a sequence (F n ) of elements of &((..■# ,g), whose functional derivatives of order k > 1 
are given by Faa di Bruno's formula (|104p as 

(96) FM[<p](y 1 ,...,(p k ) = fi k \F(<p))( [ ^iwY-.f/ ftw 

Hence, the functional derivatives of all orders of the elements of the sequence (F n ) converge 
to zero in the respective topologies for all ip € ' . The sequence (F n (<p)), however, converges 
pointwise to X[-l,i] ° F(f), which defines a functional on which is in general not even con- 
tinuous, let alone microcausal. By the Stone- Weierstrass theorem in the interval [—2,2] |43| . 
there is even a sequence of functionals F n e &((„># ,g), ^ n F~ 1 ((—2,2))) which lies in the *- 
algebra generated by ^i oc (^, ^ nF~ 1 ((-2, 2))) and converges to X[-i,i] °F m the topology of 
&{{Jt,g), 'WnF- 1 ((-2, 2))). It would be desirable to find a stronger topology on &((J(, g), <%) 
which is compatible with its Poisson *-algebraic and ^^-ring structures, and (at least sequen- 
tially) complete. 

Now we recall the important fact that ,^,i oc (^, °k ) C ^P((^ ,g), e 9/) contains the squared 
Hilbert seminorms 

<p^F k>f (<p) = \\(p\\l kJ , 



dip 



{Fi,...,F n ){XF J ,G}x 



dip 



(F 1 ,...,F n ){ZF J ,G}j? 



44 



ROMEO BRUNETTI, KLAUS FREDENHAGEN, AND PEDRO LAURIDSEN RIBEIRO 



defined in (J5J, for all / G <€™{J(). This fact, together with Theorem yields: 

4.0.23. PROPOSITION. The following facts hold true: 

(i) Given any open set % C c to°°{^) in i/ie compact- open topology and tpo G i/iere is 

smc/i thatF(ip a ) = 1, < F < 1, and F = in ^°°(^) \ ^ . 
In particular, one can completely recover the compact-open topology of < f? 00 (^#) /rom i/ie 
complements of zero sets of elements of g), c ^ , °°(^)). 

(ii) j4ny ^ C c <a QC '{^) open in the compact-open topology admits locally finite partitions of 
unity whose elements belong to g), 

(hi) Given any open set % C < ^' 00 (^) in i/ie compact-open topology, the algebra g), ^ ) 

separates the points of , that is, for any tpi,(p% G % there is an F G ^((^#,17),'^') 
smc/i i/iai F(tpi) 7^ F(p2). 

(iv) Given any open set % C ( ^' 00 (^#) in i/ie compact-open topology, any unital *-morphism 
oj : J^"((./#, <?), ^) — s> C (i.e. a *-character on &((^f, g), %)) is given by the evaluation 
functional at some <p G (by (Hi), if must be unique). 

(v) Given any open sets C c <o°°{^£) in the compact-open topology, any continuous 
unital *-morphism a : g), °k ) — > <¥((~JK , g), Y) is the pullback of a unique smooth 
map a* : V -)■ % . 

Proof. (i) Let x : R — > [0, 1] be an even smooth function such that x(t) = for \t\ > 1 
and x(t) = 1 \t\ < |. There are fc G N, / G ^{J() and i? > such that ^ G G 
%f°°(.#) : F Ai/ (vJ - p ) < R 2 } CW. Set F(^) = x(R~ 2 Fkj(<P - <Po)), and we are done 
by Theorem j^jj 

(ii) Recall that, since < ^°°{^) is a nuclear Frechet space, it follows that ( ^' 00 (^#) is separable, 
hence second countable and Lindelof. a i/ is then a second countable metric space, hence 
also separable and Lindelof. Since (i) holds, the result then follows from Theorem 16.10, 
pp. 171-172 of [51]. 

(iii) ^ is Hausdorff, hence the result follows immediately from (i). 

(iv) By the proof of (ii) , we know that is Lindelof. Since (i) implies that °i/ is completely 
regular, it follows that it must be realcompact, that is, any R-algebra homomorphism from 
the R-valued continuous functions on into R is given by evaluation at some (f G ^ 
(see [29], Theorem 3.11.12, pp. 216). The result then follows for the R-subalgebra of 
real-valued elements of ,^ ((.JZ , g) , ) by combining (ii) with Theorem 17.6, pp. 187- 
188, Remark 18.1, pp. 188-189 and Proposition 18.3, pp. 191 of [5T]. The general case 
is immediate. 

(v) Notice that the pullback of any *-character by a is also a ^-character, hence by (iii)-(iv) 
a* as above is really the pullback by a (thus also justifying our notation). Moreover, the 
action of a on functionals of the form f fipd/ig, f G < ^ c °°(^#), shows that a* 
must be smooth on "V. 

□ 

Some comments about the meaning of Proposition 14.0.231 are in order. Proposition 14.0.231 
(ii) shows that we can "glue together" microcausal functionals defined on an open covering of 
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< ^°°(^#), that is, the assignment 

(97) <W C ^°°{JK) open -» &{(^,g),<fr) , 

together with the restriction morphisms induced by inclusions between pairs of open subsets 
in C S' °(^) in the compact-open topology, constitute a sheaf of *-algebras over the topological 
space c ^ , °°(^(). However, multiplying F G ^((^#, g), by a "bump" functional as given by 
Proposition 14.0.231 (i) improves the localization of F in field configuration space at the cost 
of losing information about the space-time support of F. This must be kept in mind when 
multiplying F by the elements of a partition of unity on ^ belonging to ^((^#, g), A more 
conceptual discussion of the interplay between these two notions of localization will take place 
in the third paper of the series. 

5. Final considerations 

We have presented the very first steps into a novel, algebraic approach to classical field theory 
in which the main role is played by algebras of functionals over sets of field configurations on 
any globally hyperbolic space-time. 

As a whole, our formalism can be extended to field theories living on any fiber bundle over 
space-time. In fact, extensions of parts of our framework have already appeared in the literature, 
including fermion fields |66J, Yang-Mills models and gravity (3TJ [ZZ]- These works also show that 
our formalism is capable of dealing with Lagrangians possessing local symmetries which constrain 
the dynamics - more precisely, a rigorous version of the classical Batalin-Vilkoviskii approach to 
gauge theories can be provided within our setup |31| . Such subtleties are absent in the case of 
real scalar fields, which do not possess any "internal" structure. A full account of our framework 
encompassing all the above examples will be pursued in the future, outside the present series. 

On a more technical side, treating the above examples will occasionally require (particularly 
in the case of fermion fields) extending the results concerning normally hyperbolic linear par- 
tial differential operators presented in this series of papers to more general hyperbolic systems. 
Theorem 13.2.31 and the energy estimates to be found in the second paper of this series can be 
extended to symmetrizable, first-order hyperbolic systems with very few changes in the argu- 
ments (as done, for instance, in [T7] and the appendix to 07]). Arguably, Theorem 13.2.41 could 
be reworked along the lines of the paper of Dencker |24) to encompass symmetrizable, first-order 
hyperbolic systems of real principal type, of which the Dirac operator is an example [66J. One 
could try to go even further and encompass the case of second-order regularly hyperbolic systems 
of Christodoulou [H] , but the microlocal analysis of such systems is severely underdeveloped, due 
to the possibility of occurrence of bicharacteristics with varying multiplicity (e.g. birefringence 
in crystal optics; see [M] for the state of the art on these matters). 
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Appendix A. A short review of differential calculus on locally convex 

TOPOLOGICAL VECTOR SPACES 

In this Appendix we list the basic definitions and results of differential calculus we need. Our 
basic references are [37] and [ST], to whom we refer for more details and proofs. The first reference 
works only with Frechet spaces, but the proofs of the results quoted below work in the general 
case with little or no change. 

The notion of differentiability of curves in locally convex topological vector spaces is straight- 
forward. 

A. 0.1. Definition. Let 7 : (a, b) — > a < b e R U {±00} be a continuous curve into a locally 
convex topological vector space & " , We say that 7 is a ^ curve if for all t 6 (a, b) the limit 

</(«) = iimi(7(t + S )- 7 (t)) 

s->0 s 

exists and defines a continuous curve 7' : (a, b) — > & (continuity of 7 actually follows from these 
conditions alone, hence it does not hurt to assume it from the start). We also say that 7 is a c € m 
curve, m > 1, if = (--yC 0-1 ))' exists and is continuous for all 1 < k < m, where 7^ =7. If 7 
is a 'to™ 1 curve for all m, we say that 7 is a smooth curve. 

We stress that there would be no loss of generality if we required the domain of smooth 
curves to be the whole real line: by the chain rule (|100[) . 7 : (a, b) — > t to°°(^£') is smooth 
if and only if 7 o / : R — > ^°°(^#) is smooth for any diffeomorphism / : IR — )■ (a, b) (e.g. 
/(A) = ^tS- + ^rptanh(A)). Once this is said, let us see how Definition I A. 0.11 is realized in the 
concrete cases that interest us. 

• & — < ^' 00 (^#) (endowed with the compact-open topology): 7 : IR — > & is smooth if and 
only if 7(A) (p) = $(A,p) for all (A,p) eRxl, where $ 6 ^°°(R x Jf)\ 

• & — ^ c 00 (^#) (endowed with the usual inductive limit topology): 7 : IR — > & is smooth 
if and only if 7(A) (p) = $(A,p) for all (A,p) e IR x Jl ', where $ e < g ?oc (IR x M) is such 
that for any a < b £ IR there is a compact subset K C such that $(A,p) = $(a,p) for 
ah>^ A, A e [a,b\. 

The notion of smooth curves allows one to introduce another topology on J?, given by the 
final topology induced by IR through all smooth curves 7 : IR — >• J?. We call this topology the 
c°°-topology on & ' . This topology is necessarily finer than the original one, but it is not in 
general a vector space topology - the finest locally convex vector space topology on & that is 
coarser then the c°° topology is the bornologification of J^'s original topology. The c°°- and 
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the original locally convex vector space topologies coincide if & is, for example, a Frechet space 
(such as 'if 00 (./#)), but are distinct for — ( ^' c 00 (^) if jtft is non-compact. The latter case is 
also an example where the c°° topology fails to be a vector space topology. 

Given two locally convex vector spaces J^i, #2, % C &\ c°°-open, we say that a map 
$ : °U — > J?2 is conveniently smooth if $ o 7 is a smooth curve on #2 for every smooth curve 
7 : R — > % . We stress that conveniently smooth maps need not even be continuous (see [31] for 
a counterexample). A simple non-trivial example of a conveniently smooth map $ : & — > & 
is, of course, the translation ip 1— > = <y9 + 920 by a fixed element </?o G In particular, 

the coordinate change maps k V2 o kC* : ^ c °° — >• ^ c °° (...#) in the affine flat manifold (^#) 
(endowed with the Whitney topology) are conveniently smooth for all <pi,<p2 £ ^ >00 (^#) such 
that ipi — ip2 € c ^^{~^)- This shows that the atlas it defined in (J7J) induces a smooth structure 
on %? 00 („#); the corresponding smooth manifold topology is, of course, the manifold topology 
generated by the c°°-open subsets of the modelling vector space ^ c °°(^#), which is even finer 
than the Whitney topology. The connected components of this topology are, however, also of the 
form < &£°(yjt) + ipo, ipo € c tf ca (^); therefore, the smooth curves in ^°°(^#) with respect to the 
smooth structure induced by the atlas it must be of the form R3A4 7(A) = cpo + 70(A), where 
70 : R — > ^ c °°(^#) is smooth. Hence, it is just fair to say that such 7 is a smooth curve with 
respect to the Whitney topology, and the smooth structure induced by the atlas it, the smooth 
structure on c to°°(^) induced by the Whitney topology. 

A. 0.2. Remark. It can be shown [ST] that, for ^°°(^#) endowed with the smooth structure 
induced by the Whitney topology, the bundles 

T r > s ^°°{J() = {® S T*^°°{JZ)) <g> {® r T^°°{JZ)) 

of tensors of contravariant rank r and covariant rank s are given at each tp G c (o 00 {^) by 
the space of bounded linear mappings from ®^ ( ^' c 00 (^#) to ®J 3 ^' C 00 (^#). Here (g)^ denotes the 
bornological tensor product, whose topology is the finest locally convex topology on the algebraic 
tensor product such that the canonical quotient map is bounded: this topology is finer than the 
projective tensor product topology. Nonetheless, T^°°(^) and T* ( ^' 00 (^#) assume the form 
given in Subsection 12. 2[ since < ^ c °°(^#) is bornological [43J. It also turns out that the nuclearity 
and completeness of ^{Jf), together with Theorems 6.14, pp. 72-73 and 28.7, pp. 280-281 of 
|51) . imply that every kinematical tangent vector on e $ co (^) is also an operational one, i.e. it 
defines a point derivation on (conveniently) smooth maps F : ^°°(^#) — > R. 

In principle, we could develop essentially all tools of differential calculus by using convenient 
smoothness. However, for the purposes of this paper, it is often preferrable to use a stronger 
concept of smoothness. Such a notion is provided, for instance, by Michal [57] and Bastiani 
[1] . This is also the notion employed in the accounts of infinite dimensional differential calculus 
done by Milnor [55] and Hamilton [37], and all the basic results of Calculus we present in the 
remainder of this Appendix are formulated in this context (see, however, Remark IA. 0.41 belowl. 
The basic definition is as follows (See also Definition 12.3.71 for the special case of real- valued 
maps) : 
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A. 0.3. Definition. Let J?!, be locally convex topological vector spaces, °i/ C J^i open, and 
F : % — > ^2 a continuous map. We say that F is (Michal-Bastiani-)differentiable of order to if 
for all k = 1, . . . , m the /c-th order directional (Gateaux) derivatives 



(98) *■<*>[¥>](&,..., &)= d " 



d\ x ■ ■ ■ d\ k 



Xi=-=A fc =0 




exist as jointly continuous maps from W x 3 (<p,tp*x, ■ ■ ■ ,<Pk) to j?2- If -F is differentiable of 
order to for all m G N, we say that F is (Michal-Bastiani-) smooth^ 

The right-hand side of formula (IM1) should be understood as the differentiation of a fc- 
parameter curve taking values in ^2, for fixed ip, (px, . . . , (p^. The argument of F inside the 
limit is guaranteed to lie inside tyf for sufficiently small Ai, . . . , A&. 

Given % an arbitrary (i.e. not necessarily open) subset of ^°°(^#), we say that a continuous 
map J 7, : % — > ^2 is differentiable of order m (resp. smooth) if there is ~f D ^ open in the 
compact-open topology and a functional F : Y —> ^2 extending F (i.e. F\t% — F) such that F 
is differentiable of order to (resp. smooth). For completely arbitrary & , the derivatives of F on 
^ depend on the choice of extension F (take for instance °i/ = {ip} for some <p G &x)- However, 
if ^ happens to have a nonvoid interior, then it is easily shown that the derivatives of F on ty£ 
do not depend on the choice of extension. Under certain conditions on F, one can weaken this 
condition (see, for instance, Remark l2.3.9p . 

A. 0.4. Remark. For Mackey-complete locally convex topological vector spaces (also called c°°- 
complete or convenient topological vector spaces) , convenient smoothness enjoys all the rules of 
Calculus presented in the remainder of this Appendix assuming Michal-Bastiani differentiability. 
Moreover, for convenient topological vector spaces whose c°° topology coincides with the original 
topology, such as Frechet spaces, convenient and Michal-Bastiani smoothness coincide. 

Let 7 : [a, b] — > j^", a < b £ R, be a continuous curve segment in the locally convex topological 
vector space We can define the (Riemann) integral of 7 along [a, b] 

rb 

7 (A)dA G & 



as the unique linear map from the space &([a,b], JP) of continuous curves from [a, b] to & into 
the space & such that: 

(1) For any continuous linear functional u : & — ► R, we have that u ( 7(A)dA^j = u(j(X))dX; 

(2) For any continuous seminorm || • || on we have that f 7(A)dA < f ||7(A)||dA; 

(3) If a < c < b £ R, then J^(X)dX = J a C 7(A)dA + J c fc 7 (A)dA. 

The fundamental theorem of Calculus holds for the Riemann integral of curves taking values 

in 



^Michal-Bastiani differentiability and smoothness are respectively listed in Keller's treatise 1441 as '"^*- and 
'tf^ -differentiability". Here we avoid his nomenclature, for it clashes with the usual notation for differentiable and 
smooth functions of compact support. 
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A. 0.5. Theorem ([37], Theorems 2.2.3 and 2.2.2). Let j : [a,b] & be a continuous curve, 
a < t < b, and define 71 (t) = J 7o(A)dA. Then 71 : [a, b] — > is a c € x curve, and j[(t) — 7o(^)- 
Conversely, if 71 : [a,b] — > & is a ^ curve, then 71(b) — 71(a) = J 7^(A)dA. □ 

A. 0.6. COROLLARY ([3Z], Theorem 3.2.2). Let F : °i/ — > #2 be a continuous map as in Definition 
\A.0.1[ ipo G , and (p <E ffl — ipo ^ {(p — ip$ £ ^ : £ f 1 }. Assume that °i/ is convex for 
simplicity. If F is differ entiable of order one, then 

(99) F( Vo + <p)-F(<p ) = f F« fa + Xp\ (^)dA . 

Jo 

□ 

With the aid of the fundamental theorem of Calculus IA.0.51 the following key results can be 
proven. First, the chain rule holds: 

A.0.7. Theorem Q37J, Theorem 3.3.4). Let F : % C & x -> &2, G : V C & 2 -> ^3 be 

respectively continuous maps from open subsets *W ' ,V of locally convex topological vector spaces 
into and the locally convex topological vector space ^3, such that F(f2f) C If F 
(resp. G) is once differentiable on % (resp. ~f), then for all ip € ^ , <p 6 &\ we have that 

(100) (GoF)U(<p)(0) =GW[F(<p)](FW[<pm) . 

□ 

The chain rule (|100[) yields, after taking direct sums, the Leibniz's rule for derivatives of 
composition of n-tuples of maps F±, . . . , F n with a continuous fc-linear map tp 

n 

(101) (^(F 1: . . .,F n ))M[<p](fi = ]>>(FiM, . . . ,if • ■ -,Fn[<p]) ■ 

This, together with the fundamental theorem of Calculus (|99p . yields the integration by parts 
formula and, even more importantly, Taylor's formula with (integral) remainder 

(102) F^ o + 0) = Y,\f^[poM...^)+ f ^=^F^+ r >[ Vo + X0\(<?,...,0)dX . 

j=0 3' Jo ■ 

To see this, note that Leibniz's rule implies the following key formula: 

(1 (fc~ A) iV F(fc) + x0] ^-f^ F(k+i) + a ^ ■ ■ • > 

(103) ^ 

Integrating both sides of formula (|103|) from A = to A = 1 by means of the fundamental theorem 
of Calculus dnSJ) yields the fundamental induction step from k — 1 to k. Since the case k = 1 of 
(|102p is settled by the fundamental theorem of Calculus itself, we are done. 

For the convenience of the reader, we prove the generalization of the chain rule (|100|) for higher 
derivatives, since this proof is not easy to find in the literature at the present level of generality. 
We follow the argument employed in |45| . 
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A. 0.8. COROLLARY (Faa di Bruno's formula). Let F : C &\ -)• J^, G : V C J*2 -> ^3 satts/j/ 
i/ie hypotheses of Theorem \A.0. r A If F (resp. G) is m-times differ entiable on % (resp. Y), then 
G o F is also m-times differentiable on °l/ , and for all 1 < k < m, 

(104) (GoF)«[^ 1 ,...,^)= £ G(M)[F(^)] (^i^M^e/ft)) , 

7reP fc \Jew / 

where Pk is the set of all partitions tt = {I\, . . . , I{\ of {1, . . . , fc}, that is, Ij =/= 0, Ij D Ij' = 
for 3 +3' ctnd\J j=1 Ij = 

Proof. We proceed by induction on k. The case k = 1 is just the usual chain rule (|100[) . Assume 
that the formula is valid up to order k — 1 along (pi,... ,Lf>k-i- Then for each partition tt of 
{1, . . . , fc — l}in the above sum we have, by Leibniz's rule (|101D . 

(i) 



\ie-ir 



+ J2 G {M) [F(ip)} I [y>] ( & ® (g) j ® (g) F (|J|) [^](® Je j^i) 

few \ \ je/' / iew-v{/'} 

However, any partition tt' of {1, . . . , fc} is either of the form tt' = {{fc}} U tt or tt' = (tt \ {/'}) U 
{/' U {fc}} for some I' £ tt, tt G Pfc-i. Hence, summing the above identities over all such 7r gives 
the desired result. □ 

A consequence of Faa di Bruno's formula (|104[) is the generalization of Leibniz's rule (|101|) for 
higher order derivatives. Finally, one can show that the order of differentiation for higher order 
derivatives is irrelevant: 

A. 0.9. Theorem ([37], Theorem 3.6.2). Let F : -> .^2 be a continuous map as in Definition 
\A.0.1\ If F is differentiable of order m, then F^ ks> [ip] : ^ 3 (<pi, . . . , <p k ) M> F^ [<p](<pi, ...,0k) £ 
&2 i s a symmetric, k-linear map for all fixed <p £ % ■ □ 
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